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1

Introduction

The first Poisson structures appeared in classical mechanics. In 1809, D. Poisson
introduced a bracket of functions, given by:

"L (OF G OF 0G
{F7 G} - ; <0q,~ api B api aqz') ’ (1.1>

for two smooth functions F,G on R?'. It permits one to write the Hamilton’s
equations as differential equations, where positions (g;) and momenta (p;) play
symmetric roles. Indeed, denoting by H the total energy of the system, these
equations can be written as:

.i: iuH 9 .
q {g } 1< <.
pZ:{plaH}u

Poisson’s crucial observation was that if F' and G are constants of motion, then
{F, G} is also a constant of motion and this phenomenon was explained in 1839 by
C. Jacobi, who proved that (1.1) satisfies what is now called the Jacobi identity:

{F,.G} , H}Y+{{G,H} , F}+{{H,F} .G} =0. (1.2)

This important identity leads to the definition of Poisson manifolds, that were
introduced by A. Lichnerowicz, in [40], as a generalization of symplectic manifolds.

Poisson varieties

A Poisson manifold (see Section 2.1 for more details) is a manifold M whose
algebra of smooth functions F(M) = C*°(M) is equipped with a skew-symmetric
bilinear map

{-.}: F(M) x F(M) — F(M),
satisfying
1. The Leibniz rule (derivation property),

(FG,HY = F{G,HY + {F,H}YG, F,G,He F(M); (1.3)



2 1 Introduction

2. The Jacobi identity (1.2), for all F,G, H € F(M).

Said differently, a manifold M is a Poisson manifold if its algebra of (smooth)
functions A = F (M) is endowed with a Lie bracket {-, -} that satisfies the Leibniz
rule. Similarly, one defines an affine Poisson variety, by considering the algebra
of regular functions, instead of the algebra of smooth functions.

Let us give some examples of affine Poisson varieties or Poisson manifolds. As
we suggested previously, a symplectic manifold is naturally a Poisson manifold.
For a symplectic manifold (M, w), one defines indeed a Poisson bracket, with the
formula

{F7G}ZW(XFaXG)a FaGECOO(M)>

where the vector field x is defined by dF' = w(xr, ).

Another classical example of Poisson manifold is the dual g* of a finite dimen-
sional Lie algebra g. For F' € C*(g*) and £ € g*, dF({) is an element of the
bidual g** ~ g and the formula

[F.GH(&) =¢([F(),dG(0))), F.GeC™(g),¢eg,

defines a Poisson structure {-,-} on g*. Taking as algebra of functions on g*, the
algebra of polynomial functions, Sym(g), instead of C'*°(g*), the above formula
defines a structure of affine Poisson variety on g*.

Another example is given by considering a smooth function ¢ € C*(F?) on
the manifold F? (F is R or C). Then, the bracket {-,-}, defined by:

mwmﬂgﬁ—@ﬁ)ﬁmawﬂ,

is a Poisson structure on F2. By replacing C*(F?) by the algebra of polynomial
functions F|x, y] on F? (where F becomes an arbitrary field of characteristic zero),
we then obtain an affine Poisson variety (F2, {-,-}).

Poisson cohomology

In [40], A. Lichnerowicz has also introduced a cohomology, associated to a Pois-
son structure, named Poisson cohomology; see also [32] for an algebraic approach.
For (M, {-,-}) an affine Poisson variety and A = F(M) its algebra of regular
functions, the Poisson complex is defined as follows. The cochains are the skew-
symmetric multilinear maps A x - - - x A — A, satisfying the Leibniz rule in each
of their arguments, as in (1.3). Such maps are called skew-symmetric multideriva-
tions of the algebra A = F (M) and the space of all skew-symmetric multideriva-
tions is denoted by X*(\A). In the case of a manifold, the skew-symmetric multi-
derivations of C°(M) are in natural one-to-one correspondence with the polyvec-
tor fields on M. The Poisson coboundary operator ¢ is the F-linear map, defined
for @ € X9(A), a skew-symmetric g-derivation of A, and for Fy,..., F, € A, by
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59Q)(For... . Fy) ==Y (~1) {F,-,Q(FO, LB .,Fq)}

i=0
+ 3 (-1)Q ({FFJ}FOﬁEFq> .
0<i<j<q
We can also write this coboundary operator as § = — [m, -|4, where 7 := {- -} is
the Poisson bracket and [-,-]s is the Schouten bracket.

The resulting Poisson complex, defined in detail in Section 2.2, can be viewed
as the contravariant version of the de Rham complex. Its cohomology gives very
interesting information about the Poisson structure, as for small k, the k-th Pois-
son cohomology space H*(M, ) has the following interpretation:

HY(M,7) = Cas(M,7) :={F € F(M) | {F, - } =0},

Hl( M, 7) {Poisson derivations}
Tm) =
’ {Hamiltonian derivations}’

H2 (M, ) = {skew-symmetric biderivations compatible with 7}

Y

{Lie derivatives of 7}

H?*(M, ) = {Obstructions to deformations of Poisson structures},

where the elements of Cas(M, ) (elements of the center of {-,-}) are called the
Casimirs of (M, {-,-}), while the Hamiltonian derivations are the derivations of
the form y gz := {-, H}, for H € A and the Poisson derivations are the derivations
that leave the Poisson structure invariant.

Moreover, H*(M,r) is important in the study of normal forms and for the
linearization of Poisson structures (see [19] and [12,13]) . Both spaces H*(M, )
and H3(M,7) play a fundamental role in deformation theory (see Chapter 6).
They appear in the construction of deformations of Poisson structures and in the
classification of deformations of associative structures (see [34]).

To determine the Poisson cohomology of a given affine Poisson variety (or
Poisson manifold) explicitly is, in general, difficult. One of the reasons seems to
be that Poisson cohomology is not a functor: a morphism ¢ : M; — Ms be-
tween affine Poisson varieties does not lead to a morphism between their Poisson
cochains (multiderivations), nor between their corresponding Poisson cohomology
groups.

In a few specific cases, Poisson cohomology has been determined. For a sym-
plectic manifold, there exists a natural isomorphism between Poisson and de
Rham cohomology (see [40] and also [39]), thus, in this case, Poisson cohomology
give topological information about the underlying manifold. In [59,64], one finds
some partial results about the more general case of regular Poisson manifolds,
while, for Poisson-Lie groups, one can refer to [29]. The Poisson cohomology in
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dimension two was computed in [59] for the manifold R?, equipped with the
Poisson structure (z%+y?) 2 A a%, in [47] for quadratic Poisson structures on R?,
in [45], where the author has computed an explicit basis for the Poisson cohomol-
ogy spaces in a germified case, while, in [54], the authors compute the dimensions
of the Poisson cohomology spaces, associated to homogeneous Poisson brackets

on the affine space F?, equipped with its algebra of regular polynomial functions.

Singular locus of Poisson brackets and singular varieties

For an affine Poisson variety (M C F" {-,-}) and m € M, one denotes by
Ham,, (M) := {xu(m) | H € F(M)}

the F-vector space of all the Hamiltonian derivations, evaluated at m. One defines
the rank Rk, {-,-} of {-,-} at m, with:

Rk, {-,-} := dim Ham,, (M).

Then, one says that the bracket {-,-} is regular at the point m if there exists
a (Zariski) open neighborhood V' of m, on which the rank is constant, i.e., such
that, for all m’ € V, one has Rk, (M) = Rk,,(M). Otherwise, one says that {-,-}
is singular on m, or that m is a singularity of {-,-}.

The singular locus of a Poisson bracket is the set of all its singularities and it
defines an affine subvariety of M (i.e. a Zariski closed subset of M). If this singular
locus is empty, one says that the Poisson bracket is regular and otherwise, one
says that it is singular.

In the particular case of (F2, {-,-}¥), the singular locus of the bracket {-,-}¥
coincides with the zero locus of the polynomial 1, while, for example, in the
symplectic case, the Poisson bracket is regular.

We are now in position to state the purpose of this thesis: to study Poisson co-
homology and homology in singular cases. The singularities originate in different
classes of Poisson varieties:

(1) the first class consists of Poisson structures that admit a singular locus and
that are defined on a smooth (regular) affine variety;

(2) the second class is the case of Poisson brackets, defined on singular varieties
and regular everywhere, except on the singularities of the variety.

An important part of our work consists of considering Poisson varieties from
both classes (1) and (2), in low dimension, i.e., in dimension two and three and
of determining their Poisson cohomology and homology.
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In dimension three

In the class (1) of Poisson varieties (where the affine variety is smooth but the
Poisson structure is singular), we will, in Chapter 3, consider the affine space of
dimension three F? (F is a field of characteristic zero) and its algebra of regular
functions A := F[z,y, z|, equipped with a Poisson structure that has the origin
0 € F? as singular locus. In fact, to any polynomial ¢ € Flx,y, z|, one naturally
associates a Poisson bracket with the formula:

L0 0 090 0 9p0 D

oz "z 0 oy

{."}@'_%a_y &—Fa—y&
It is the skew-symmetric biderivation that corresponds to dy under the natural

isomorphism 2'(A) ~ X?(A) and the fact that it satisfies the Jacoby identity
corresponds to the fact that d?¢ = 0. The singular locus of this Poisson structure

is the affine variety
dp Oy _Op
T _ZT_\ 1.4

{8:6 Jdy 0z (14)
and, under some hypotheses, it will be 0 € F3. In fact, we suppose ¢ to be a

(weight) homogeneous polynomial, that implies that the singular locus (1.4) of
the bracket {-,-}  coincides with the singularities of the surface

F,:{p=0} CF>

If ¢ is a (weight) homogeneous polynomial such that the surface F, has isolated
singularities (in fact, it then has only one isolated singularity), then we will rather
say that o is (weight) homogeneous with an isolated singularity. Now, saying that
¢ € Flz,y, z] is a (weight) homogeneous polynomial with an isolated singularity
implies that the singular locus of F,, i.e., the singular locus (1.4) of {"‘}eo’
consists of the origin 0 € F3.

We then determine the Poisson cohomology of the affine Poisson variety
(F3,{-, -}@), equipped with its algebra of regular functions A = F[z,y, z|, where
¢ € Flz,y, 2] is a weight homogeneous polynomial with an isolated singularity.
To do this, we write the Poisson coboundary operator, associated to the Pois-
son variety (F?, {-,-} ) with the help of the natural identifications X°(A) ~ A,
XHA) ~ A3 X%(A) ~ A3 and X3(A) ~ A. We obtain

1

SO(F)=VFEF x Vg, forFeA~X(A),
SY(F) = —V(F -Vg) +Div(F)\Vep, for F e A3~ X1(A), (1.5)
2(F)=—Ve-(VxF), forFeA~x2A),

where - and x denote respectively the inner and the cross products in A3, while
V, Vx and Div denote respectively the gradient, the curl and the divergence
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operators. To develop a first idea about our results, one may think of ¢ as a
homogeneous polynomial, of degree denoted by w(y), assuming that its three
partial derivatives have only one common zero that is the origin. This implies
that P |

x,Y, 2

<0:)3’ dy’ 0z >

is a finite-dimensional F-vector space. Its dimension is the so-called Milnor num-
ber p (see [43]). This space gives information about the (isolated) singularity of
the surface F,, (like multiplicity, see also [14]) as it is exactly the algebra of reg-
ular functions on this singularity. We will show that it plays also an important
role in the Poisson cohomology of the Poisson variety (F?, {-,-} ), so that the
Poisson cohomology of {-, '}so is closely related to the type of the singularity of
Fo.

We consider a family ug = 1,uy,...,u,—1 of homogeneous elements of A =
Flz,y, z], whose images in Agn,(p) give a F-basis of this F-vector space. The
Poisson cohomology spaces of the Poisson variety (A, {-, ~}¢) are denoted by
HE(A, ).

The algebra of Casimirs of the Poisson algebra (A, {-,-} ) is given in Propo-
sition 3.11 and is simply the algebra generated by ¢, that is to say Cas(A, ¢) =
HO(A, ¢) ~ @,cn F¢'. In Proposition 3.14, we see that the first Poisson coho-
mology space of A is equal to zero if the degree of ¢, w(¢p), is not equal to 3 and
otherwise H'(A, ¢) is the Cas(A, ¢)-module given by

H'(A ) =~ Cas(A ) e, ifw(p) =3,

where € := (x,y, z) corresponds to the Euler derivation xa% + ya% + z%. Notice
that the cubic polynomials play a special role here; in the weight homogeneous
case, this role is played by the polynomials of degree equal to the sum of the
weights of the three variables z,y, z and they correspond to a Poisson structure
{,} o of weighted degree equal to zero. Moreover, with Proposition 3.19, we see
that the case @w(p) = 3 is also the unique case where the biderivation {-,-}  is
not an exact Poisson structure, i.e. {-, '}so’ which is a 2-cocycle of the Poisson
cohomology of (A,{-,-} ), is not a 2-coboundary (see [32]). Proposition 3.19
affirms indeed that the second Poisson cohomology space is exactly

H*(A, p) ~ @ Cas(A, ©)Vu, & @ Cas(A, ©)u,; Ve

j>1 @(uj)=w(p)—3

w(u;)£w () —3
& P FVu.
j>1
w(u;)=w (i) ~3

Notice that the wu;, and so the singularity of ¢, i.e., of the surface F, (as the
u; give a basis of the F-vector space Agny(¢)) appear in the second Poisson
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cohomology space H?(A, ). The writing of H?*(A, ¢) has been obtained from
the third Poisson cohomology space, which is determined in Proposition 3.16,
and is the free Cas(A, ¢)-module generated by the algebra of regular functions
on the singularity of F,:

H*(A, ) ~ Cas(A, ) ®p Asing(¢).

Notice that H?(A, p) is not always a free module over the algebra of Casimirs,
unlike the other Poisson cohomology spaces of (A, {-,-} ).

In dimension two (class (1))

We point out that the dimension three is the smallest one in which there is a
real Jacobi condition. Indeed, in the two-dimensional case, the Jacobi identity
is always trivially satisfied. In particular, any skew-symmetric biderivation of
F[z,y] is a Poisson structure on F2. Moreover, any polynomial ¢ € F|[z,y] leads
to a Poisson structure {-, -}w =1 % A a% and, conversely, every skew-symmetric
biderivation or Poisson bracket on F? is of this form.

In the class (1) and in dimension two, we compute explicit basis of the Poisson
cohomology spaces of weight homogeneous Poisson brackets on F2, i.e., for Poisson
structures given by {-, -}w, where the polynomial ¢ € F[x,y] is supposed to be
weight homogeneous and square free. The methods that we use in this case are
inspired by those of determination of the Poisson cohomology in dimension three
and are very close to the methods that appear in [45]. It is shown in [54], that
the singular locus of the Poisson bracket {-,-}*, namely the curve

I, P {w == 0}
and, more precisely, information about the singularity of I, appears in the di-
mensions of the Poisson cohomology spaces. In fact, we will see (in Chapter 4)
that the algebra of regular functions on the singularity of I7;, given by

__ Flzy
Asmg(¢) T 8_¢ a_w b
oxr’ Oy
appears in the Poisson cohomology space, as, for example, the second Poisson

cohomology space of the Poisson variety (F?,{-, -}w), when 1 is a homogeneous
polynomial of degree d, is given, in Proposition 4.11, by

H2(F2,¢) ~Faofr,yl v & Asing(¥),

where F, o[z, y] is the F-vector space of all the homogeneous polynomials of
F[z,y], of degree d — 2. We also observe in Proposition 4.10 that the first Poisson
cohomology space of (F?,{-, }w) is
H'(F?,¢) ~ Fyslw,y] €@ FH,,
oY o oY o

where 7-_@, — ——— — —~ s the so-called modular derivation of {-,-}".

Oy Or  Ox Oy
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For singular surfaces in F? (class (2))

When ¢ is a (weight) homogeneous polynomial, the affine Poisson variety de-
fined above (F?,{-,-} ) is closely related to an affine Poisson surface of class (2),
where the affine surface considered is singular and the Poisson structure is sym-
plectic everywhere except on the singular locus of the surface. Indeed, as ¢ is a

Casimir for {-,-} , the bracket {-,-}  induces a Poisson bracket on the surface

F,: {¢ =0} C F3. The algebra of regular functions on F,, is A, := F[m’z] and

the quotient Poisson bracket obtained is denoted by {-, -} A, Under the hypothe-
ses that ¢ is weight homogeneous and has an isolated singularity, we compute,
in Section 4.3, the Poisson cohomology spaces H*(A,) of this singular Poisson
surface (Ay, {-, -} 4,)-

The Casimirs of (Ay, {-,-} ) are simply the elements of F and, in the homo-
geneous case, according to Propositions 4.21 and 4.22, we have:

H'(A,)~ @ Fuyé, H(A)~ P FuyVe,  (L6)

w(uj)=w ()3 w(uy)=w () ~3

where the u; still give a F-vector space basis of the algebra Ag,,(p) of regular
functions on the singularity of F.

Since the coboundary operator associated to the Poisson variety (F3, {-,-} o) 18
a (weight) homogeneous operator (see Paragraph 3.2.1), all our arguments remain
true if we replace the algebra A = F|z,y, z] by the algebra of all formal power
series A := F|[[x,y, 2]], still equipped with the Poisson structure {-, ~}W with ¢ a
(weight) homogeneous element of A. It suffices to replace Cas(A, ¢) = F[¢] by

Cas(A, ¢) = F[[¢]], the algebra of formal power series in . The analogous result
holds for the case of dimension two (F2, {-,-}").

Poisson homology

In this thesis, we also turn the results on Poisson cohomology to good account to
obtain the Poisson homology of the affine Poisson variety (F*,{-,-} ) and of the
singular Poisson surface (F,, {-,-} 4 )-

First, for (F3,{-, '}eo>’ using the modular class, we show in Proposition 3.23
that we have isomorphisms

Hi(A, )~ H**(A, ), forall k=0,1,2,3, A=Fx,y,z],

where Hy(A, ¢) denotes the k-th Poisson homology space of the Poisson variety
(F?,{-,-},)- Notice that, if F* is endowed with a Poisson bracket which is not of
the form {-, -}W ¢ € Flz,y, 2] (for example, z {-, -}@), then the modular class is
not necessarily equal to zero and, in general, this duality does not hold anymore.

We point out that, in [60] and in [41], one can find the computation of the
Poisson homology spaces of the Poisson variety (F3, {-, ~}¢) for particular poly-
nomials ¢ € F[z,y, z]. These cases are particular cases of the Poisson cohomology
we compute in this thesis and the method is very similar.
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Then, using the results about Poisson cohomology of (A, {-, -} ), we compute
the Poisson homology spaces Hy(A,) of F,, equipped with its algebra of regular
functions A,. In this context, one can not define a modular class anymore, and
we show that, on the contrary to the case of (F?, {-, -}@), there is not a duality be-
tween Poisson cohomology and homology spaces. We obtain, in Proposition 4.26,

p—1 ~
Ho(.Ago) ~ Hg(A@) ~ Asmg(@) s Hl(A@) ~ F VUj.
j=1
Considering the results of cohomology, given in (1.6), it is clear that the Poisson
homology spaces are new invariants of the Poisson surface (7, {, } 4 ). We point
out that the singular algebra Aj;,,(¢p) and hence the singularity of the surface F,

appears one more time, in the Poisson homology spaces of the singular Poisson
surface (Fp, {-,} 4, )-

Mathieu-Poisson homology

While for a Poisson variety (M, m = {-,-}) and its algebra of regular functions A4,
the Poisson homology complex consists of the Poisson boundary operator Jj :
QF(A) — 281(A) (2°(A) denotes the space of all Kihler differentials of A),
defined by the formula:

O, =1,0d—dou,,

O. Mathieu has, in [42], introduced a homology with parameter 7 € F (we call it
the MP-homology), for which the corresponding boundary operator f : 2¥(A) —
2F1(A) is rather given by:

F=(T+k)izod—(T+k+1)dou,.

By using the methods that we have developed for the determination of the “clas-
sical” Poisson (co)homology of the affine varieties introduced above, in dimension
two: (F2,{-,}*), (F,, {-, }4,) and in dimension three: (F?, {-,-} ), we are able
to determine the MP-homology of these varieties. In fact, in dimension two, for
generic values of 7, we see that the MP-homology is isomorphic to the classi-
cal Poisson homology. But, in the case of the Poisson variety of dimension three
(F?,{-,-},), there are some differences between these both homologies, viewed in
the first and the second homology spaces. In Proposition 5.6, we indeed obtain
that, if ¢ € F[z,y, 2] is a homogeneous polynomial with an isolated singularity
and 7 € F\ {—1, -2, —3, —4}, then, the first MP-homology space is given by

p—1 p=1
mAn=d B FYed D Foud
reN j=1 reN j=0
@ (uj)#w@ () Dy —3 @ (u;)=w () DT -3
pn—1

s> @ Fﬁu]',

j=1
@ (uz)=w(p)-3
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where D! := ﬁ + 1 € F. Moreover, in Proposition 5.11, we see that the
T

second MP-homology space is the space

{O} if for any r € N, ’W(QO) §£ 3 (m) ,

H3(A,p) ~
Fyre, if r € N satisfies w(p) =3 (

1
where ¢, := 5 € F. It follows that, although Ho(A, @) ~ H'(A, p) ~ {0}, as
T

soon as ¢ is of degree different from 3, in the case of MP-homology, for any such
¢ (with w(p) # 3) and for any » € N, we can choose a parameter 7 € F such
that

HI(A, @) ~ Fe'e # {0},

i.e., we can “detect” the singularity using HJ (or H7), upon picking an appropriate
value of 7. Notice that, on the contrary of the “classical” Poisson (co)homology
spaces, the MP-homology spaces are not modules over the Casimirs and the F-
vector space HJ (A, ) is always of finite dimension (equal to zero or one).

An application in deformation theory

As we suggested above, the second and the third Poisson cohomology spaces
intervene in deformation theory. In Chapter 6, we use the results obtained in
Poisson cohomology to write down all the formal deformations

{oh=1{.)+ Zﬂwk’

keN*

of the Poisson bracket {-, -} on F?, when ¢ € Flz,y, 2] is a weight homogeneous
polynomial, with an isolated singularity, up to equivalence.

The remarkable fact that this can be done explicitly hinges on the following
two facts:
1. a term 7, that integrates the coboundary )  [m;, m;]4 can be explicitly

i+j=n+1
4,521

written down for a complete family of n-th order deformations of {-, -}W up
to equivalence,

2. the freedom of choice for m,,; lies in the second Poisson cohomology space,
which we explicitly determined in Section 3.2.

In view of our results on Poisson cohomology, it comes to no surprise that the
isolated singularity of ¢ plays a fundamental role in the deformation properties
of the Poisson structure {-,-} .
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Class (3) = class (1) + (2)

The Poisson structures {-,-}¥ on F2 and {-, o (or {+,-}4,) on the surface F,; :
{¢ = 0} C F? are both particular cases of the general Poisson structure ¢ {-, -}
on a surface. This general structure is a restriction of the Poisson structure on
F3, given by:

dp 0 0 dp 0 0 dp 0 0

R %a—y/\@ﬂLw

At — A
oy 0z O 0z Ox Oy
Indeed, if one considers the constant polynomial {» = 1, the Poisson bracket

¢{-,-}, becomes {-,-} on F3 and induces {-, ‘} 4, on the surface Fo, while, if

one considers the polynomial ¢ = z, then F, ~ F%, A, = % ~ F[z,y| and

the Poisson bracket ¢ {-,-}  becomes ¢ 2 A a% ={,-}¥ on F2.

Ideally, we would like to obtain general results of Poisson (co)homology for
the Poisson varieties (F3 1 {-, '}so) and (Fy, ¥ {-, -}@), as it could permit us to
observe in one hand, the role played by the singularity of the Poisson structure
(given by v) and in another hand, the role played by the singularity of the surface
F, (given by ). Notice that the Casimirs of ¢ {-,-}  are exactly (if 1) # 0) the
Casimirs of {-,-} .

With this idea in mind, we have studied an example in Chapter 7, where v is a
polynomial of degree 1 (1) = x) and the singularity of ¢ (or the singularity of the
surface F,,) is of type A, L.e., p = ¢, = 2"y 1427 n € N*. We have com-
puted in this case the first and the third Poisson cohomology spaces H'(A; z, )
and H3(A; z, p,) of the Poisson variety (F3,z {-, -}%), equipped with its algebra
of regular functions A = F[x,y, z]. We have obtained, in Propositions 7.3 and 7.6,

Flz,vy, 2]
<xn+1’ yn’ Z”> )

H?(A; 2, n) ~ Cas(A, ) ®

and

Cas(A, @) (ﬁx X 6@1) if n#1,

H'(A;z,0,) ~ BN
Cas(A, ¢,) € & Cas(A, p,) (VSL’ X V(pn) if n=1,
where Vz x ﬁgon corresponds to the modular derivation of the Poisson vari-
ety (F%,z{-,-}, ) and the case n = 1 (¢ quadratic) corresponds to a Poisson
biderivation x {-, -} of degree equal to zero.






2

Preliminaries

In this first chapter, our purpose is to introduce the objects that will appear
in all this work. There are two words that we will often use: “Poisson” and
“singularity”. Around the first one, we need in particular the notion of Poisson
variety, Poisson morphisms, Poisson cohomology and homology, while around the
second one will appear the isolated singularities, the weight homogeneity and
the Koszul complex. We will also specialize these notions to the case of the low
dimension (dimension two and three). In fact, these examples of low dimension
are important and interesting for the point of view of Poisson cohomology. They
correspond to what we study in the further chapters. In this one, as in all this
document, F will be an arbitrary field of characteristic zero.

2.1 Poisson varieties

In this section, we recall the definition of an affine Poisson variety, a Poisson mor-
phism and give some properties of these objects. We will then consider examples
in low dimension.

2.1.1 Poisson varieties and their morphisms

An affine variety M is an algebraic subset! of an affine space F*, where algebraic
subset means that M is the zero locus of a family of polynomials (in n variables).
Given an algebraic subset M C F™ one considers the ideal Z of F[zy, ..., x,] that
consists of all polynomials, vanishing on M,

T :={F€Fx,...,z,] | F, =0}

Then Flzy,...,2,]/Z becomes a finitely generated algebra, which can be con-
sidered as an algebra of functions on M, since the evaluation of elements of
Flzy,...,2,]/T at elements of M is well-defined. This algebra of functions on M
is denoted by F(M) and elements of F (M) are called regular functions on M.

! Our convention is the French one, for which an affine variety is not necessarily irreducible.
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Having at our disposal an algebra of functions on an affine variety M, we can
now define the notion of a Poisson structure on M.

Definition 2.1. Let M be an affine variety and let A denote its algebra of reqular
functions. Suppose that A = F (M) is equipped with a Lie bracket {-,-} : Ax A —
A, which satisfies the Leibniz rule (also called the derivation property ):

(FG,H} = F{G,H} + {F, H}G, (2.1)

forall F,G,H € A.

Then we say that (M, {-,-}) is an affine Poisson variety, or simply a Poisson
variety, but we will also talk about the Poisson algebra (A, {-,-})%. The bracket
{-,-} on A is usually referred to as a Poisson structure on M or as a Poisson
bracket on A.

Remark 2.2. Suppose that M is an affine variety equipped with its algebra of
regular functions A4 = F(M). A linear map ¢ : A — A that satisfies the Leibniz
rule (i.e., o(FG) = Fp(G)+ ¢(F)G, for all F,G € A) is called a derivation of A
(with values in A), while a bilinear map A x A — A that satisfies the Leibniz
rule (the derivation property) in each of its arguments is called a biderivation of
A (with values in A). So that, a Poisson bracket on A is exactly a skew-symmetric
biderivation {-,-} of A, that satisfies the Jacobi identity:

{F.{G,H}}+{G,{H,F}} +{H,{F,G}} =0, (2.2)

for all triplets (F, G, H) in A3.
We denote by X'(A) the A-module of all derivations of A and by X?(A) the
A-module of all skew-symmetric biderivations of A.

Notice that, even if the Lie algebra (A, {-,-}) is in general infinite-dimensional,
the Poisson bracket of arbitrary elements of A = F(M) is in the case of an affine
variety M C F" completely determined by the brackets of the generators, an easy
consequence of the derivation property (2.1). In the case of a Poisson structure
on F", we have the following standard formula for the Poisson bracket.

Proposition 2.3. Let {-,-} be a Poisson bracket on A =Flxy,...,x,]. For any
F, G in A, their Poisson bracket is, in terms of the x;, given by

{F.G}= ) {xi,xj}g—ig—g. (2.3)

1<i,j<n

2 Tt is natural to define a Poisson algebra as a F-vector space A, equipped with two multiplications, -
and {-,-}, such that (A,-) is an associative commutative F-algebra, (A, {-,-}) is a Lie algebra and
{F-G,H} =F -{G,H}+{F,H}-G, for all F,G, H € A. Thus, the algebra of regular functions on
a Poisson variety becomes naturally a Poisson algebra.
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Proof. The proof is by the standard argument that two biderivations (or k-
derivations, in general) of some associative commutative algebra 4 are equal as
soon as they agree on a system of generators for A . As we will use this argument
several times, let us give the argument here explicitly.

Both sides of (2.3) are bilinear in F' and G, so it suffices to show (2.3) when
F and G are monomials in zq,...,x,. If G is of degree 0, i.e. G = 1, then the
right hand side in (2.3) is obviously zero, but also the left hand side, because
{F,1-1} = {F,1}1 4+ 1{F, 1}, so that {F,1} = 0 for any F' € A; by skew-
symmetry, {1, G} = 0 for any G € A. Also, the fact that (2.3) holds when F’ and G
are of degree 1, is clear. Suppose now that (2.3) holds when deg(F')+deg(G) < n,
for some n > 2; we show that it holds for all F" and G such that deg(F)+deg(G) =
n+ 1. Let F, G be non-constant monomials, such that deg(F') + deg(G) =n+ 1.
By skew-symmetry, we may assume that deg(F) > 1. There exist Fi, Fy € A,
with deg(F1) < deg(F) and deg(Fy) < deg(F’), such that F' = F}F;. Since {-,-}
is a biderivation and in view of the recursion hypothesis, we have that

{F,G} ={F,,G} = F {F,G}+{F,G} F,

0F, 0G oF, 0G
=5 (o, 05} 57— — + I (w25} — o—
1<;’<n J 8:61 81’]' 1<;’<n J 8:61 81’]'

oF 0G

- Z {fb’iafb’j}a—%a—%-

1<i,j<n
This proves (2.3) for arbitrary polynomials /' and G. O

Remark 2.4. We point out that the proof of the previous Proposition 2.3 does not
use the fact that {-,-} satisfies the Jacobi identity, but only the skew-symmetry
and the derivation property. So that, any skew-symmetric biderivation {-,-} of
A (not necessarily Poisson structure) is given by the Formula (2.3). We will see a
generalization of this result for the skew-symmetric k-derivations in Proposition
2.15 and 4.14.

With this formula, we can simplify the Jacobi condition in the case of the affine
variety F™ and its algebra of regular functions A = Flzy,...,x,]:

Proposition 2.5. Let us consider {-,-}, a skew-symmetric biderivation of A =
Flzy,...,2,). Then{-,-} satisfies the Jacobi identity (2.2) for any triplet (F, G, H)
of elements of A if and only if it satisfies it for any triplet of generators (x;, x;, xy)
of A=TFlxy,...,x,].

Proof. In order to simplify the notations, let us denote by x;; the bracket {z;, z;},
for all 1 < 4,5 < n. For F,G and H in F[zy,...,x,], the biderivation property
satisfied by {-,-} and the fact that second order derivatives commute, imply
indeed that
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{{F, G}, H} +cyc (F,G, H)
. Ox;; OF 0G OH

:,Z T Gy By B, By T Y G H)
Z]kl 1
oF 0G OH
— Z Z xlk—_'_CyCl (’l j,k)
8@8% 8:ck
i,5,k=1 1=1

so that the Jacobi identity is satisfied for any triplet of elements of A if and only
if, for any triplet of generators (x;, x;, x):

. 0
Z (:)slk&il + cycl (4, 7, k:)) =0,

=1
which is the Jacobi identity for the triplet (z;,z;,x;). O

We now turn to the notion of a Poisson morphism between two Poisson vari-
eties (defined over the same field F).

Definition 2.6. Let (M;,{-,-},) and (Ms,{-,-},) be two Poisson varieties. A
morphism of varieties (also called a reqular map) W : My — My is called a
Poisson morphism (or Poisson map) if the dual morphism ¥* : F(Msy) — F(M,)
is a morphism of Lie algebras, i.e.,

U ({F,Gly) = {07 (F), ¥ (G)
for all F,G € F(Ms).

Recall (see e.g. [55, Ch. 1.2.3]) that for a morphism of varieties ¥ : M; — Ma,
the dual morphism ¥* is (well-) defined by ¥*(F') := F o ¥, for all F' € F(My).

It is clear that if ¥ : M; — M, is a morphism of Poisson varieties and ¥ is
an isomorphism of varieties, then ¥~ : My — M, is also a morphism of Poisson
varieties. We say then that ¥ is an isomorphism of Poisson varieties.

Let us give the definition of a Poisson ideal.

Definition 2.7. Let M be a Poisson variety and let A denote the algebra of
reqular functions on M. An ideal T C A of the associative commutative algebra

A is a Poisson ideal if
{Z,A}CT. (2.4)

In this case, A/T inherits a Poisson bracket from A.

In view of Definitions 2.1 and 2.6 we get, for a fixed field F, a category whose
objects are the Poisson varieties over F and whose morphisms are the Poisson
morphisms.

If A is the algebra of regular functions on an affine variety, the properties of a
Poisson bracket on A get a geometrical meaning, which leads to many interesting
constructions. In this document, we will always deal with affine varieties, see [37]
for the case of Poisson manifolds.
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Since the Poisson bracket is a biderivation, it leads to a fundamental operation
that allows one to associate to elements of A, derivations of 4. This operation,
which we introduce now, corresponds in the Hamiltonian formulation of classical
mechanics to writing the equations of motion for a given Hamiltonian.

Definition 2.8. Let (M, {-,-}) be a Poisson variety, let A be its algebra of reqular
functions and let H € A. The derivation Xy = {-, H} of A is called a Hamilto-
nian derivation and we call H o Hamiltonian, associated to Xg. We write

Ham (A, {-,-}) :={Xg | H € A}

for the F-vector space of Hamiltonian derivations of A, so that we have a linear
map

X : A— Ham(A4,{,})
H—Xy:={ H}.

An element H € A that belongs to the center of the Poisson bracket {-,-}, i.e.,
such that {-,H} =0, is called a Casimir and we denote

(2.5)

Cas (A, {-, )= {He A|{-,H} =0}

for the F-vector space of Casimirs. When no confusion can arise, we write

Ham(A) for Ham(A,{-,-}) and Cas(A) for Cas(A, {-,-}).

The defining properties of the Poisson bracket lead to the following proposition.

Proposition 2.9. Let (M, {-,-}) be an affine Poisson variety and A = F(M) be
the algebra of reqular functions on M. We recall that X'(A) is the space of all
derivations of A. The space X'(A), equipped with the commutator of maps |-, -]
1s a Lie algebra.

(1) Cas(A) is a subalgebra of (A, -);

(2) Ham(.A) is not an A-module (in general); instead, Xpg = FXg + GXF, for
any F,G € A;

(3) Ham(A) is a Cas(A)-module;

(4) The map A — X*(A) which is defined by H — —Xy is a morphism of Lie
algebras; as a consequence, Ham(A) is a Lie subalgebra of X'(A);

(5) The following is a short exact sequence of Lie algebras

0 — Cas(A4) — A = Ham(A) — 0

(6) The Lie derivative of {-, -} with respect to any Hamiltonian derivation is zero;
in the manifold case this means that the flow of any Hamiltonian vector field
preserves the Poisson structure.

Proof. Properties (1)—(3) follow from the biderivation property (2.1), while (4)—
(6) follow from the Jacobi identity (2.2) for {-,-}. O
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Remark 2.10. A derivation V is called a Poisson derivation if it preserves the
Poisson structure, i.e., if £y, {-,-} = 0. Proposition 2.9 implies that all Hamilto-
nian derivations are Poisson derivations. This property will be reformulated in
cohomological terms in Section 2.2.

We now give two classical examples of Poisson structures. The first one is the
symplectic case and, historically, was the first example of Poisson bracket studied.
As we are interesting with the Poisson cohomology, that is still determined in the
symplectic case, we will not study this case in the following.

Ezample 2.11 (Symplectic manifolds). Let (M, w) be a symplectic manifold. Then,
the algebra F(M) := C*(M) of smooth functions on M, can be equipped with
a Poisson bracket. To do that, to any function F' € F (M), we associate a vector
field X7 with the formula:

di = w(XF, ) .

Then, we define the Poisson bracket of two functions F, G € F(M), by putting
{F, G} = w(XF, Xg) .

This formula defines a Poisson bracket on the algebra F(M). A. Lichnérowicz,
in [40], has shown that the Poisson cohomology (see Section 2.2) of a symplectic
variety is isomorphic to the de Rham one.

The second example that we give in this paragraph is the Lie-Poisson case and
corresponds to our algebraic context. Some particular cases of the Poisson brack-
ets we will study are Lie-Poisson structures.

Ezample 2.12 (Lie-Poisson structure). Let us consider a Lie algebra (g, [-,]), of
finite dimension n € N. The dual of g can be identified with F[z1,...,z,] (F =R
or C) and is naturally a Poisson variety. A natural Poisson bracket is indeed given
by the formula (2.3), where each bracket {z;, z;} is equal to the Lie bracket [z;, z;]|.

2.1.2 Example: dimension two

We consider the affine space of dimension two, F?, equipped with its algebra of
regular functions A = F[z, y]. Let us determine the Poisson brackets that can be
defined on A.

According to the definition 2.1 and Remark 2.2, we have to consider the skew-
symmetric biderivations of A. Let {-,-} be a skew-symmetric biderivation of A,
according to Proposition 2.3 and Remark 2.4, it will be totally determined by
the bracket of the two generators  and y. We denote by F' € A = F[z,y| this
polynomial, F' = {x,y}, so that

o 0
foh=Fang.
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Then, it remains (see Remark 2.2), for {-, -} to be a Poisson bracket, to verify the
Jacobi condition. But, as we have seen in the Proposition 2.5, it is sufficient to
verify the Jacobi identity on the generators. Because there are only two generators
and because of the skew-symmetry of {-, -}, the Jacobi identity in dimension two
will always be trivially satisfied, so that all skew-symmetric biderivation of F|x, y]
is a Poisson structure on F2. We thus have a correspondence between the Poisson
brackets on A and the polynomials of A:

{Poisson brackets} = ¥?(A) «— A = F[z, y]
{' ; } - {LL’, y}

F=A

— F

Fle
Sl

2.1.3 Example: dimension three

In this paragraph, the affine variety we consider is the affine space of dimension
three, namely M = F3, with its algebra of regular functions, which is the polyno-
mial algebra A = Flz,y, z]. Our purpose is to determine the Poisson structures
existing on this variety. We point out that the dimension three is the first di-
mension where one has to verify a real Jacobi identity, as, in dimension two (see
Paragraph 2.1.2), the Jacobi is trivially satisfied.

Poisson structures on F3

Let {-,-} : A4 — A be a skew-symmetric biderivation on A. According to
Proposition 2.3 and Remark 2.4, it is completely defined by the brackets of the
three generators z,y, z, that is to say, by the three polynomials Fi, Fy, F3 € A,
defined by:

{y, 2z} =F1, {z,2}=F, {x,y}=F;.

Explicitly, we have:

g 0 o 0 g 0

This bracket will be a Poisson bracket on A if and only if it satisfies the Jacobi
identity (see Remark 2.2). Let us write this identity for {-,-}, in terms of Iy, Fy
and Fj. In fact, we have seen in Proposition 2.5 that it suffices to write the Jacobi
identity for the generators x, y and z:

Hzwh, 2y +{zat uh + Hys 2h e} = (B, 2) + {Fyy) + {F1, 2} =

<F1%—Fg%>+<F3%—F1@>+<F2%—F3%>:

oy ox ox Oz BP By

— -

F-(VxF),
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where F denotes the triplet of polynomials that defines {-, -}, namely,
ﬁ = (Fl, FQ,Fg) € .As,

and where - and Vx denote respectively the inner product and the curl operator
in A3. In fact, in the following, we will see that it will be convenient to use the
notations of the vector calculus of R?, adapted to A3. Also, V will denote the
gradient operator and x the cross product.

The previous reasoning shows that the Poisson structures on A = F|x, y, 2| are
given by triplets of polynomials F= (Fy, Fy, F3) € A3 that satisfy the identity:

F-(VxF)=0. (2.6)

Now, let us consider a Poisson bracket {-,-} on F3, given by such a triplet of
polynomials F' = (Fy, Fy, F3). Let G, H € A= F[z,y, z] be two polynomials and
let us compute their bracket {G, H }:

a 0 a 0 a 0
{G,H}—(Flﬁ—y/\£+F2&/\a—$+Fga—x/\8—y)(G,H)

o (0GOHDHOGY | (0GOH OH G
- oy 0z dy 0z >\ 0z ox 0z Or
A <8G8H 0H8G)

(2.7)

:ﬁ-<§Gx§H).

This formula is a useful expression of the Poisson bracket of two polynomials
F. G, in dimension three.

Poisson structures associated to polynomials

According to Equation (2.6), one can see that, to any polynomial ¢ € A, cor-
responds a Poisson bracket on A4, denoted by {-, ‘}go and defined by the triplet

= . (9¢ Op Op _
F=Vp:= (ax,ay,az),namely.

do & 9 9o 0 9 dp d D
Nar T 5 &cAay' (2.8)

.. = —_— — /\ - -

bk =5, 9, 5: T3, 22

One has indeed (V x V) = 0, so that condition (2.6) is necessarily satisfied for
any F' =V, with ¢ € A.

The writing of the Jacobi condition as in (2.6) shows also easily that, if {-,-}

is a Poisson bracket on A (given by a triplet of polynomials F) and xy € A is
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an arbitrary polynomial, then the skew-symmetric biderivation x {-,-} (given by
the triplet of polynomials yF := (XF1, xFz, xF3) € A?) is also a Poisson bracket
on A. This fact does not happen in general, in other dimensions. In fact, one has
the following formula, well-known from vector calculus in R?:

Vx (FG)=VF x G+ F(V xG), (2.9)
for all F € Aand G € A% So that, if F - (V x F) = 0, then:
YF - (ﬁx (Xﬁ)) = xF- (ﬁxxﬁ+x(ﬁxﬁ)> = 0.

In particular, for any x, ¢ € A, we have a Poisson bracket on A, given by x {-, -} o
where {-, -} is defined by (2.8).

Poisson structures on surfaces in F3

Let us consider a Poisson structure on M = F3, of the form y {-, ~}W where
X, € A=TF[z,y, z| are arbitrary polynomials.

It is easy to check that ¢ is a Casimir for this Poisson structure, as, according
to Formula (2.7), for any F € A,

X{F, ¢}, =xVe- (ﬁF x ﬁw) =0,

so that, according to Definition 2.7, the ideal () is a Poisson ideal of A, equipped
with the Poisson bracket x {-,-}, and the algebra A/(¢) inherits a Poisson
bracket from (A, x{-,-},). Said differently, the Poisson bracket x {-, -} goes
to the quotient \A4/(p) and the map induced is a Poisson bracket on A/(p).

The geometrical meaning of this fact is that the surface defined by the zeros
of the polynomial o, M, : {¢ = 0} C F? can be equipped with the Poisson
structure induced by x {-,},.

2.2 Poisson (co)homology

A Poisson structure on an affine variety M leads in a natural way to cohomol-
ogy spaces, derived from the multi-derivations of its algebra of regular functions
F (M), and to homology spaces, derived from the Kéhler differentials of the al-
gebra F(M). These spaces give information on the derivations, normal forms,
deformations and several invariants of the Poisson structure. In some specific,
but important, cases they are related to classically known cohomology spaces,
as the ones that appear in de Rham cohomology or in Lie algebra cohomology.
In general, Poisson cohomology is finer, but is also more difficult to compute,
as we will see. In this chapter, we construct the various complexes that lead to
these (co)homologies and we show that, under certain conditions, the Poisson
cohomology and Poisson homology spaces are dual to each other.
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2.2.1 Cohomology

We define Poisson cohomology for a Poisson variety (M, {-,-}), also referred to as
the Poisson cohomology of A = F (M), the algebra of regular functions over M.
The Poisson structure {-,-} on M will also be denoted by 7, so that 7(F,G) =
{F,G} for F,G € A.

The cochains: skew-symmetric multi-derivations

For k € N, the space of k-cochains of the Poisson cohomology complex is X*(A),
the vector space of skew-symmetric k-derivations of A. Let us define these objects,
which are generalizations of the skew-symmetric biderivations (see Remark 2.2)
and give some properties that will be useful in this section. For more details, see
the book [37].

Definition 2.13. Let A be an associative commutative algebra over ¥ (for ex-
ample, the algebra of regular functions over an affine variety). A skew-symmetric
k-linear map P € Homp(AFA, A) is called a skew-symmetric k-derivation of A
(with values in A), when it is a derivation in each of its arguments, i.e.,

P(FG,Fy,...,F,)=FP(G,Fy,....F)+ GP(F,Fy, ..., F}), (2.10)

for arbitrary elements F, G, F>, ..., Fy of A.

In the following, we will rather use square brackets for the arguments of a k-
derivation, so that P(Fy, ..., Fy) will be denoted by P[Fy, ..., Fy|, for P a skew-
symmetric k-derivation and Fy, ..., F € A.

The A-module of skew-symmetric k-derivations on A is denoted by X*(A) and
we introduce the graded A-module

x°(A) = @ x*(A) ¢ D Homg (A" A, A),

keEN keN
whose elements are called skew-symmetric multi-derivations. By convention, the
first term in this sum, X°(A), is just A, and X*(A) := {0} for k < 0.

Remark 2.14.1f A is a finitely generated algebra A = Flzy,...,x,]/Z, then any

skew-symmetric k-derivation is equal to zero as soon as k > n.

As for the Poisson bracket in Proposition 2.3, we will give a formula for any
skew-symmetric k-derivation of Flxq, ..., z,].

Proposition 2.15. Let P be a skew-symmetric k-derivation of the polynomial
algebra Flxy, ..., x,]. Then P is totally defined by its values on the generators
x1,..., T, and we have, explicitly:

0:)3,-1 Ox,k ’

P[Fy,....F)= > Play,...,x]
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for all Fy, ..., F, € A. In other words, we have the equality:

P= Y P[xil,...,xik]%/\.../\aj. (2.11)

1<ir<..<ip<n

Proof. The proof is the one of Proposition 2.3, adapted to a k-derivation. O

Remark 2.16. In a geometrical case, when M is a manifold, the skew-symmetric
k-derivations of F (M) = C*(M) correspond to the k-vector fields of M.

The Poisson cohomology complex

Let (M,m = {-,-}) be an affine variety and let A be its algebra of regular
functions. We recall that we will also denote by 7 the Poisson structure {-,-}
on M. The Poisson coboundary operator associated to (A,{-,-}) or (M, {-,-}),
0r 1 X°(A) — X*1(A), is the graded F-linear map, defined for Q € X7(A) by

q

Q. By = > (-1 { B QlFo, .. i F |

(=0 N e (2.12)
+ Y (—1)”3@[{FZ-,FJ»},FO,...,FZ-,...,FJ-,...,Fq],
0<i<j<q
for all Fy,..., F, € A. When no confusion can arise, we will sometimes denote

the Poisson coboundary operator by d,. By a direct computation, one checks that
62(Q) is indeed a skew-symmetric multi-derivation and that 67 o 677! = 0 (See
also the next paragraph, where we will introduce a bracket on the skew-symmetric
multi-derivations, that will be related to the Poisson coboundary operator).

We so have a complex, the Poisson cohomology complex of A,

6t 84 oatt

X1 A) —— X(A)

X A) (2.13)
The elements of Z9(A, ) := Kerd? are called Poisson g-cocycles while the el-
ements of BY(A,7) := Imd?! are called Poisson q-coboundaries. Elements of
the q-th Poisson cohomology space are Poisson g-cocycles modulo Poisson g¢-

coboundaries,
HYA,7) = Ker§?/Im 52!,

for ¢ > 1 and H°(A, ) := Ker 62. The graded vector space
H*(A,7) = D HI(A, ),
qeN

is called the Poisson cohomology of (M,{-,-}), also referred to as the Poisson
cohomology of (A, {-,-}).
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Remark 2.17.1t is easy to point out that the Poisson coboundary operator 62
commutes with the multiplication by a Casimir of the Poisson variety (See Defi-
nition 2.8), so that, each ¢-th Poisson cohomology space is a Cas(.A, 7)-module.

For small ¢, the Poisson coboundary operator 62 has a natural interpretation,
which yields a natural interpretation for the Poisson cohomology spaces H%(A, 7);
see Chapter 6 for applications in deformation theory. One easily reads off from

(2.12) that for F' € X°(A) = A and for V € X'(A)
N(F)=Xr, (V) = —Lym, (214)

where we recall that X is the Hamiltonian derivation, associated to F' € A (see
Definition 2.8), and £, denotes the Lie derivative with respect to V. Also, for
Q€ X*A) and F,G,H € A,

0H(Q)IF, G, H| = {F,Q[G, H|} + QIF {G, H}] + cycl(F, G, H).
It follows from (2.14) that Poisson 0-cocycles are Casimirs,
H°(A, ) = Cas(A, ),

Poisson 1-cocycles are Poisson derivations (see Remark 2.10), while Poisson 1-
coboundaries are Hamiltonian derivations. Denoting the space of all Poisson
derivations of A by P(A, ), we have that

P(A, )

HY (A, 7) = Ham(A 1)’

Poisson 2-cocycles @ € X%(A) are skew-symmetric biderivations that satisfy
{F,QIG, H|} + Q[F AG, H}] + cycl(F,G, H) = 0.

We say that they are compatible with {-,-} (see the next paragraph to have a
general definition of compatible skew-symmetric multi-derivations); Poisson 2-
coboundaries are biderivations, obtained as a Lie derivative of the Poisson struc-
ture. It follows that

skew-symmetric biderivations compatible with m

H?*(A,m) =

Lie derivatives of 7

H?(A,m) and H3(A, ) will show up naturally in deformation theory, see Chap-
ter 6.

Remark 2.18. Contrary to what we will see for Poisson homology in next Para-
graph 2.2.2, Poisson cohomology is not a functor: a homomorphism ¢ : M; — M,
between two Poisson varieties does not lead in general to a homomorphism be-
tween the spaces of all multi-derivations of F(M;) and F(Ms), nor between their
corresponding Poisson cohomology groups. In the case of manifolds for example,
it is well known that vector fields cannot be transferred, in either direction, by a
smooth map, that is not a diffeomorphism.
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The Schouten bracket

Let A be an associative commutative algebra. In this paragraph, we give the
definition of a bracket on the skew-symmetric multi-derivations of A, the Schouten
bracket, that is related to the Poisson coboundary operator and permits one to
prove easily some properties of it, when A is equipped with a Poisson bracket.

The set of all (p,q)-shuffles® is denoted by S,,. For a shuffle ¢ € S,,, we
denote the signature of o (as a permutation) by (o). It is also convenient to
define S, 1 :=0 and S_;,:= 0, for p,q € N.

Let us recall the Schouten bracket, which is a product on multi-derivations,
based on the composition of multi-derivations. It is a family of maps

[, ]« XP(A) x XI(A) — XPHHA),

for p,q € N. It is defined, for P € X?(A), Q € X%(A) and Fy,..., F,1,1 € A,
by

[Pv Q]S[Flv - '7Fp+4—1]

= Z E(O')P [Q[Fg(l), ceey Fg(q)], Fo(q+1), ceey Fo(q+p_1)] (2.15)
0ESyp—1
- (_1)(p—1)(q—1) Z G(U)Q [P[Fa(1)> R FJ(P)]> Fa(p—i—l)a SRE) Fa(p-i—q—l)} .
0ESp,q—1

A priori, we have only that [P, Q]s € Hom(A®PT2=D A) but it is easy to check
that indeed [P, Qs € XPT771(A).

The Schouten bracket can be seen as a generalization of many classical el-
ementary operations on functions, derivations and multi-derivations. First, let
Q :=F ¢ Aand P € XP(A). Then [P, Flg = 1pP, where 1y is the graded A-
linear map 2p : X*(A) — X*"!(A), defined by taking F as the first element on
which the multi-derivation is evaluated: for P € XP(A), the (p — 1)-derivation
1 P is defined by

1pP[Fy, ..., Fy) == P[F, Fy..., I, (2.16)

for all Fy, ..., F, € A. Second, let P := V € X'(A) and Q € X?(A). Then
V,Qls = LyQ, the Lie derivative of @ with respect to V. Third, the Schouten
bracket of two skew-symmetric biderivations P, Q € X?(A) is given by

[P, Qls[Fi, Fy, 5] = PlQ[FY, F3), F5] + Q[P[Fy, Fy), F3] + cycl(F, Fy, Fs),
so that, for P € X%(A), one has:
[P, Pls[F, Fy, Fy] = 2<P[P[F1, By, B] + cycl(Fy, B, Fg)).

This leads to the following result.

3 For p,q € N, a (p, q)-shuffle is a permutation o of the set {1,...,p-+q}, such that o(1) < ... < o(p)
and o(p+1)<...<o(p+q).
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Proposition 2.19. If P is a skew-symmetric biderivation of A, i.e., P € X?(A),
then P defines a Poisson bracket on A (that is to say, satisfies the Jacobi identity)
if and only if [P, Pls = 0.

More generally, when P,Q € X?(A) and [P,Q]s = 0, one says that P and Q
are compatible. It follows that two Poisson brackets P and () are compatible if
and only if their sum (or any linear combination with non-zero coefficients) is a
Poisson bracket.

A different way to establish the properties of the Poisson coboundary operator
dr is to relate it to the Schouten bracket. In fact, the explicit Formula (2.15) for
the Schouten bracket |-, ]g, implies that

02(Q) = —[Q, 7]s, for Q € XU(A), (2.17)

thus, d2(Q) is a skew-symmetric (g + 1)-derivation. To see that 67 o 627! = 0,
we consider )" a skew-symmetric (¢ — 1)-derivation of A and we write down the
graded Jacobi identity of the Schouten bracket? for the triplet (Q', 7, ),

(_1)q [le [71—7 7T-]S]S - [71—7 [Q/v 71-]S]S + (_1>q [71—7 [71—7 Q/]S]S =0. (218>

Since [m,7]g = 0 (as 7 is a Poisson bracket, see Proposition 2.19) and since
Q' 7]y = —(—1)?[7,Q']4 (because of the graded anti-commutativity of [-,-]s),
the identity (2.18) reduces to [r, [1,Q']¢]¢ = 0, for any Q" € X97'(A), showing
that 62 0 §471 = 0.

2.2.2 Homology

A Poisson bracket on an affine variety also leads to homology spaces. In special
cases they are isomorphic to the Poisson cohomology spaces, but in general they
define new invariants for a Poisson variety. The Poisson homology spaces have less
direct applications than the Poisson cohomology spaces, but have the advantage
of being (slightly) easier to compute and have better functorial properties, as we
will see. Let (M, {-,-}) be a Poisson variety and let A = F (M) be its algebra of
regular functions.

The chains: Kahler differentials

The k-chains that define the Poisson homology complex are the Kahler differ-
entials on A. For a good definition of the Kéhler differentials over an arbitrary
associative commutative algebra A, see [20].

We recall that the A-module of Kdhler differentials of A (over F) is denoted by
2'(A) and the graded A-module 2P(A) := AP 2(A) is the module of all Kdhler

4 (—1)(”71)(T71)[P, [Q, R]s]s + cycl(P,Q,R) = 0, for P (respectively @, R) a skew-symmetric p-
derivation (respectively skew-symmetric ¢, r-derivations) (graded Jacobi identity).
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p-differentials. As a vector space, resp. as an A-module, 2P(A) is generated by
elements of the form F'dFy A ... AdF,, resp. of the form dFy} A ... AdF),, where
F, F; € Afor 1 <i <p. We denote by 2°(A) = D, 27(A) the space of all
Kahler differentials.

The differential d : A — 2'(A) extends to a graded F-linear map

d: 2°(A) — 2 A),

by putting
d(FdFy A--- ANdF,) :=dF AdFy A -+ ANdEF, (2.19)

for F, Fy,...,F, € A, where p € N. It is called the de Rham differential. It is a
graded derivation, of degree 1, of (£2°(A), A), such that d od = 0. The resulting
complex is the so-called de Rham complexr and its cohomology is the de Rham
cohomology.

The Poisson homology complex

To simplify the notations, we will also denote by 7 the Poisson bracket m =
{-,-} on M. The Poisson boundary operator, also called the Brylinsky or Koszul
differential and denoted by 0™ : 2°(A) — 2°71(A), is given by

k

Of(FydFy A -+ NAFy) = (=1 {Fy, B} dFy A -+ AdF; AL A dF,
i=1

+ 3 (~U)TEd{F, F} AdR A AF A A A AdE,

1<i<j<k

where Fy, ..., F, € A. When no confusion can arise, we will sometimes denote by
0™ the Poisson boundary operator.

As for 6%, one can check, by a direct computation, that 9F is well-defined and
that it is a boundary operator, Jf o 0f,; = 0 (See also the end of this section to
see another writing of the Poisson boundary operator, that will help us to verify
its properties).

We then have a complex

6k71

) B ) S (2.20)

us
8k+1
—

o, Qk—l—l(A)

whose homology is called the Poisson homology of (M, {-,-}), also referred to as
the Poisson homology of (A, {-,-}). Namely, we define the k-th Poisson homology
space

Hy(A, ) = Ker0;/Imoy, ,,

and we call elements of Zy(A, ) := Kerdf Poisson k-cycles and elements of
By(A, ) :=Im 0}, Poisson k-boundaries.
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Remark 2.20. As for the Poisson cohomology, the boundary operator J; commutes
with the multiplication by a Casimir, so that the Poisson homology spaces are
modules over the spaces of the Casimirs.

For example, Hy(A, ) is the abelianization of A: since Kerdj = A while
Im O] = {A, A}, we have that

Hy(A, ) = ﬁ. (2.21)

For the higher Poisson homology spaces, a simple interpretation is not known.

Remark 2.21. Unlike Poisson cohomology, Poisson homology is a (contravariant)
functor. Indeed, for any morphism ¢ : M; — M,y of affine varieties, the dual
map ¢* : Ay = F(My) — Ay = F(M,) extends to a degree zero map §2°(¢*) :
2*(Ay) — 2°(Ay), which commutes with d. If M; and M, are equipped with
Poisson structures m and my and ¢ is a Poisson morphism, then 2°(p*) 0 2,, =
try, © £2°(p*), so that 2°(¢*) 0 0™ = 0™ o §2°(¢*). Thus, there is an induced
map He(p*) : He( Az, m) — He(Ay,m), which is a homomorphism of graded
vector spaces. Clearly, H, has all properties that are required for a (contravariant)
functor.

The inner product

For any associative commutative algebra A and any p € N, there is a natural
action of X?(A) on £2°(.A). It is the graded A-linear map

1p (2°(A) — 2°7P(A),
which is defined for P € X?(A) and w = dF; A ... AdF, € 2"(A), by

'lp(dFl AT /\an) = Z E(O')P[Fo(l), e Fg(p)] chr(p+1) AP ./\dFo(n) (2.22)

O'ESp,nfp

when n > p, and otherwise 1pw := 0. Notice that, in particular, 1pw = Fw for
any F' € A and w € 2°(A). In the following proposition, we establish the main
properties of 1.

Proposition 2.22. Let A be an associative, commutative algebra. The following
identities hold, for P € XP(A) and Q € X9(A):

(1) p OZQ = ZQ/\p,'

(2) [ZPvZQ] =0;
(3) For any F € A and w € (2°(A) :

1p(dF Aw) =13, pyw + (=1)PdF A pw. (2.23)
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In the following proposition, we express the Schouten bracket in terms of the
de Rham differential, with the help of the inner product.

Proposition 2.23. If P and Q) are two skew-symmetric multi-derivations of A,
then

[[2P> d] ’ZQ] = PQlg> (2'24)

where [, -] is the graded commutator of graded maps on §2°(A). This formula is
called Cartan’s Formula.

For the proof of this proposition, see [37]. The main properties of ™ follow now
from the following proposition.

Proposition 2.24. Let (M,{-,-}) be a Poisson variety and A be its algebra of
reqular functions. We will also denote by m the Poisson bracket m = {-,-}. Then
the boundary operator O™, defined above, is given by the commutator

O = [iy,d] =1, 0d—dou,. (2.25)
It commutes (in the graded sense) with d and with 1.,
[07,d|=0"od+dod" =0, (2.26)
[0 1] =0" 0tg —1, 00" =0, (2.27)
and satisfies 0" 0 O™ = 0 (it is a boundary operator).
Proof. For the biderivation 7 the inner product ¢, is, according to (2.22), explicitly
given by
tr(FodFy Ao NdFY)
= Y ()R {F,F}dR A AAE. L dF AL AR,

1<i<j<k

so that

Zﬂ-Od(F(]dFl/\/\dFk)
= > ()R, FYdRy AL AdF; L dF AL A,

0<i<j<k

and

d OZﬂ(FodFl AN /\dFk)
= Y ()R, FYdRy AL AdE, L dF) AL AdE,
1<i<j<k

+ 3 (CO)TPR A{F, FYAAR AL A dE) AL AdE

1<i<j<k
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Taking the difference of these two formulas leads at once to 0" =1, 0d —do, =
2, d]. Moreover,

0"od+dod" =1,0dod—doi,od+dos,od—dodor, =0,
because d od = 0. The Cartan’s formula (2.24) imply that
[87r717r] = [[Zwv d], 7'7r] = Un,mlg = 07

where we used in the last equality that 7 is a Poisson structure (See Proposition
2.19). We have then obtained (2.26) and (2.27). Using these two properties, we
have 1, odo 0™ = —9" o1, od and d o1, 0 0" = —0™ od 0 1, so that:

0"0d"=1,0dod" —doi, 00"
=—0"o1,0d+9d"odo,
=—0"00"

which shows that 9™ o 9™ = 0, i.e., 0" is a boundary operator. 0O

2.2.3 Modular class and duality

The modular class of a Poisson variety (M,7 = {-,-}) is a Poisson cohomology
class (element of H'(A,7), where A = F(M)) that is canonically associated to
the Poisson bracket. We will not give the description in the most general case and
restrict ourselves to the case of the affine space F”, equipped with its algebra of
polynomial functions A = Flzy,...,x,].

In the case of an orientable real Poisson manifold, equipped with its algebra of
real smooth functions or in the case of C", equipped with its algebra of holomor-
phic functions, the definitions and arguments would have to be adapted. Indeed,
in our case, the volume form is unique (up to a constant), while this is not true
in general.

Our goal is to find a sufficient condition for the Poisson homology to be the dual
of the Poisson cohomology. It is well-known that for a symplectic manifold (M, w),
it is true (See [39] and [40]). Thus, Poisson structures for which cohomology and
homology are dual may be considered as a generalization of symplectic structure.

The modular derivation

We consider the affine variety F™, equipped with its polynomial algebra of func-
tions A := F[xy,...,z,] and with a Poisson structure {-,-}, also denoted by .
We denote by A the standard volume form A = dx; A ... Adz,.

In this case, we can define the so-called star operator x, which is a family of
isomorphisms * : X*(A) — 2" *(A), defined for Q € X*(A) by
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*Q = 10\ (2.28)

This operator allows us to transpose the de Rham differential of the Kéahler
differential forms of A, to the multi-derivations of A. We then obtain the diver-
gence. The divergence (with respect to \) is the graded F-linear map (of degree
—1), Div: X*(A) — X*7'(A), which makes the following diagram commute

X (A) e ()

Div

ld (2.29)
0 (A) e )

For example, in the case of R", the star of a derivation V = Y | F;9/0z; is
given by

«V =3 (~1) Fdr AL Adz AL Ada,
i=1

so that Div()V) is given by the classical formula
“ OF,

Di = L

iv(V) ; o7,

Definition 2.25. The derivation Div(r) € X'(A) is called the modular deriva-
tion Of (Avﬂ- = { ’ }) (07’ (M7 { ) }))

We have the following result:

Proposition 2.26. Let F" be the affine space of dimension n € N*, equipped
with its algebra of polynomial functions Flxy,...,x,] and its canonical volume
form A =dxy A...Adz,. The modular derivation Div(w) is a Poisson derivation,
i.e., it is a Poisson 1-cocycle.

Proof. We first point out that
0" (A) = [tr, d](X) = =d 01 (N) = =d x T = — * Div(7) = —ipiwm A (2.30)
Then, using this formula and the Cartan formula (2.24), we have

* 0L (Div(nm)) = *[m, Div(7)]s = Um,Div(m)]s (A)
= [[Zmd] 77'Div(7r):| ()\)
= (07, 1piv(m ] (V)
=0J" o ZDiV(ﬂ)()\) ~+ Div(r) © J" ()
=—0"00"(\) — 1Div(r) © ZDiv(w)O‘)
=0,

because, 9" 09" = 0 and, as Div(w) € X'(A), we have ipiy(r) © ipiv(r) = 0. So that,
61(Div(m)) = 0 and Div(r) is a Poisson 1-cocycle. O
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Definition 2.27. Let " be the affine space of dimension n € N*, equipped with
a Poisson structure m = {-,-}, with its algebra of polynomial functions A =
Flzy,...,z,] and its canonical volume form X\ = dxy A ... Adz,. If the modular
derivation Div(r) is equal to zero, then we say that (F™, {- -}) (or (A,{-,-})) is
unimodular.

Unimodular Poisson varieties

We now prove that, if (F", 7 = {-,-}) is unimodular, then its Poisson homology
and cohomology spaces are isomorphic. To do this, we first show how the Pois-
son boundary and coboundary operators are related via the modular derivation
Div(7). To do this, we specialize Cartan’s Formula (2.24), valid for P € XP(M)
and @) € X9(M), to the case P = 7, giving

" o1g — (=1) g o d™ = (=1)" s, () (2.31)
If we apply (2.31) to A and use Formula (2.30), then we find
8W(*Q) + <_1)qZQ © ZDiV(TK’))\ = (_1)(1_1 * (67F(Q))7

which we also write, using 1 o 1p = 1ppq, valid for P,Q € X*(M) (see Proposi-
tion 2.22), as follows:

— % (Div(m) A Q) = %6,(Q) + (—1)197 (x Q). (2.32)

The latter formula says that the modular derivation Div(7) measures the non-
commutativity of the following diagram

*

xX*(M) Q2" (M)
N .~...fDiV(7r)/\ o (233)
%0+1<M) - Qn—l—o(M)

This leads at once to the following duality theorem. (see also [65] and [31]).

Proposition 2.28. If the affine space F™, equipped with its polynomial algebra
A =Flzy,...,x,] and with a Poisson structure m = {-,-} is unimodular, then its
Poisson cohomology spaces and Poisson homology spaces are isomorphic, in the
following sense:

H*(A,7) ~ H,_w(A,7), 0<k<n. (2.34)

Proof. As Div(r) = 0, (2.32) implies that the isomorphism * : X*(A) — 2" *(A)
is a bijection between the Poisson cocycles (resp. coboundaries) of (A, 7 = {-,-})
and the Poisson cycles (resp. boundaries) of (A, 7 = {-,-}). It follows that %
induces isomorphisms, as indicated in (2.34). O
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Remark 2.29 (the case of real orientable manifold).

If (M,{-,-}) is a real orientable Poisson manifold, equipped with its algebra
of real smooth functions A = C*°(M), then we can do a reasoning analogous to
the one we have done in the case of the affine space F", but adapted to the fact
that the volume form is not unique anymore. The key fact is that the Poisson
cohomology class of the modular derivation does not depend on the choice of the
volume form and is then called the modular class of (M,{-,-}). If this modular
class is trivial (M is unimodular), one can check that we have the same result
than Proposition 2.28.

Remark 2.30. For an arbitrary affine variety, we can not, in general, define the
modular class, as there is no volume form.

2.3 Weight homogeneity, isolated singularities and Koszul
complex

In the next chapters, we will study the Poisson cohomology associated to a weight
homogeneous polynomial, with isolated singularities and we will, in this part,
recall the definitions and some results about theses notions.

2.3.1 Weight homogeneous multi-derivations

The main part of this work will concern weight homogeneous Poisson structures
in low dimensions. Let us recall the definition of a weight homogeneous Pois-
son bracket, and, more generally, the definition of a weight homogeneous skew-
symmetric multi-derivation. Let A = F[zq,...,x,] be a polynomial F-algebra.
A non-zero multi-derivation P € X*(.A) is said to be weight homogeneous of
(weighted) degree r € Z, if there exist positive integers wy, ws, . . ., w, € N* (the
weights of the variables xy, zo, ..., z,), without a common divisor, such that

,ng[P] :’I“P,

where Lz_ is the Lie derivative with respect to the (weight homogeneous) Euler
derivation
. 0 0 0

€w 1= W1$18—x1+w2$28—x2+~“+wnxn8—xn.
The degree of a weight homogeneous multi-derivation P € X*(.A) is also denoted
by w(P) € Z. By convention, the zero k-derivation is weight homogeneous of
degree —oo.

For the particular case of X°(A) ~ A, the definition of weight homogeneity be-
comes: a polynomial F' € A = F|xy,...,x,| is weight homogeneous of (weighted)
degree w(F), if there exist positive integers w, ws,...,w, € N*, without a
common divisor, such that

(2.35)
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oF oF oF
w1x1—+w2x2—+---+wnxn

This equality is the so-called Fuler Formula and is equivalent to
FO™ g, . A% 2,) = X (2, ..., x,), forall A € F.

Let us point out that, in the particular case w; = -+ = w, = 1, the weight
homogeneity of F' is exactly the “classical” homogeneity of F'.

Remark 2.31. According to the definition of weight homogeneity, if z4, ..., z, are
already equipped with weights wy,...,@,, then, for 1 < i; < -+ < i < n,

5 A A 5 is a weight homogeneous skew-symmetric k-derivation of A, of
€X; X;
Weiéhted degreelzc
0 0
ARRRWA >:— T i) 2.37
w(&% 5or) = (@t ) (2.37)

Notice that the degree of a non-zero k-derivation may be negative for k > 0.

Fixing weights wy,...,w, € N* for the variables xy,...,x,, it is clear that
A = @,cn Ais where Ay = F and for i € N*, A; is the F-vector space generated
by all weight homogeneous polynomials of degree i. More generally, denoting by
X*(A); (k € N,i € Z) the F-vector space generated by all weight homogeneous
skew-symmetric k-derivations of degree i, X*(A); == {P € X*(A) | @w(P) =
i} U{0}, we have also

XHA) = @%k(«‘l)i, for all k € N.

i€z
2.3.2 Isolated singularities in F[xq,...,x,]

Let us consider a hypersurface F in C™, defined by the zeros of a polynomial
e C[l’l,...,xn],
F:{?=0}.

We suppose that @(0) = 0, that is to say, we suppose that the origin is a point
of F. Then one says that F (or the polynomial @) has a singularity at the origin,
if all the n first order partial derivatives of @ vanishe at this point.

Then one says that this singularity is isolated if there exists a neighborhood
of the origin, containing no other singularity of &.

In this case, the C-vector space

C[xl,...,xn]/<g—z,...,§—i>

is of finite dimension (see [14]).
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If @ is a weight homogeneous polynomial of degree w(®) greater than each w;
(1 <i < n), where w; is the weight of the variable z;, then the origin is always a
singularity of @. This singularity is isolated, if and only if, the origin is the only
common zero of the partial derivatives of @.

Algebraically (C becomes F, an arbitrary field of characteristic zero), we say
that a weight homogeneous polynomial ¢ of A = F[xq,...,z,| has an isolated
singularity (at the origin) if and only if

{g_z:...zgi:o}F:{o},

where the zeros of the partial derivatives of @ are considered in F”, F denoting
the algebraic closure of F. That is equivalent to say that

0P 0P > (2.38)

oxy Oz,

Aging(®) := Flz1, ... ,zn]/<

is finite-dimensional, as a F-vector space. The dimension of this F-vector space
is then called the Milnor number of the singular point.

When no confusion can arise, we will denote by Aj;,, this F-vector space.
The notation Ay, (or Aging(?)) is justified as follows. By definition, Ay, () is
exactly the F-algebra of regular functions over the singularity of @ and is called
the singular algebra (or the Milnor algebra) associated to &.

In the case n = 3 and ¢ € F|x,y, 2|, this affine variety is the singular locus
of the Poisson structure {-,-} , defined in (2.8). This singular algebra Ajing()
associated to ¢ will play an important role in the Poisson cohomology of the
Poisson algebras (A, {-,-},) and (A, {-,-} 4 ) (See chapter 3 and Section 4.3).

2.3.3 The Koszul complex associated to a polynomial

The Koszul complex (see [20] for more details) is a homological tool that extends
the following case. For R a ring and x € R, one can consider the complex:

KZ): 0— R R

where the map R = R is the multiplication by z. If x is not a zero divisor, then
the cohomology of this complex is trivial:

HYK(z))={y€e R|xzy=0}=0.

As well as the notion of regular sequence extends the notion of non zero divisor
(see Paragraph 3.1.3), the Koszul complexes extend the case K(x).

A simple way to construct Koszul complexes in general is to consider a R-
module N and the exterior algebra A*N. Then, for x € N, one considers the
complex
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A A A
K@): 0— R5H N5 AN 25

In the context that will interest us, we specialize this definition to

R=A=F[xq,...,z,),
N=02YA), A°N=0A),
r=d®, @c A
So that, we obtain the Koszul complex, associated to a given polynomial & of
Flzy,..., 2,

AdP

0 A Q2'(A) NdP

AdP

2*(A)

We will see that if & € F|x, y] is a square free weight homogeneous polynomial (see
Paragraph 4.1.3) or if @ € F[z,y, z| is a weight homogeneous polynomial with
an isolated singularity (at the origin) (see Paragraph 3.1.3), then, the partial
derivatives of @ defines a regular sequence, that implies that the Koszul complex
associated to @ is exact (we will prove this result in our particular cases but one
can see [20] for general case).

2.3.4 Examples of isolated singularities in dimension three

In this paragraph, we will give many examples of weight homogeneous polynomi-
als ¢, in Clz,y, 2], that have an isolated singularity at the origin. To do this, we
pick up some singularities from the classification given in [4]. In this book, the
singularities are given with their modality, a notion that we do not need in this
document. Our purpose is to consider three types of examples, corresponding to
the three cases:

wlp) <lwl,  wlp)=lwl, =) >[=l,

where |w| denotes the sum of the weights of z, y and z: |w| = @ + ws + w3,
w (respectively, ws, ws) denoting the weight of x (respectively, y, z). We are
interested in such polynomials ¢, because, in the next chapter, we will determine
the Poisson cohomology of the Poisson variety (F?, {-,-} ) (See (2.8)), where ¢
is a weight homogeneous polynomial, with an isolated singularity at the origin.
Moreover, we are interested in the sign of w(yp) — |w|, because this number is
exactly the (weighted) degree of the skew-symmetric biderivation {-,-}  and we
will see in Chapter 3, that the Poisson cohomology spaces depend on its sign. We
will denote with a p the Milnor number of each considered singularity.
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Simple singularities

Here are some examples of weight homogeneous isolated singularities in C?
namely, the so-called simple singularities. Under the Mc Kay correspondence,
these singularities are related to the simple algebras of type A, D, E (See [4]
and [58]). In fact, these singularities are those whose modality is equal to zero.

1. Type A, k>1

oa, =22+ 12 + 2

This polynomial is a weight homogeneous polynomial of A = Clz, y, z], with the
weights of the variables:

{wl =@ =R+ D/20 s odd,
wi’):]-?

if k£ is even.

w1:w2:k+1,
W3:2,

We then have w(pa,) = k+1 and |w| = k+2, if k is odd; while w(p4,) = 2(k+1)
and |w| = 2k 44, if k is even. This polynomial ¢4, has an isolated singularity at
the origin and the C-vector space associated to ¢4, ,

Clx,y, z
Asing(Ak) - W

is of finite dimension p4,. A C-basis of Ag;,,(Ag) is indeed given by the family:

1,2,2%, .-+, 2871 so that ua, = k.

2. Type Dy, k>4

©p, = %+ y*z + 2F1

This polynomial is a weight homogeneous one, with the weights:
wlzk—l, ’WQ:/{?—2, ’W3:2,
so that w(yp,) = 2(k — 1) and |w| = 2k — 1. The associated C-vector space

Clz,vy, 2]
<.f(7,yZ, y2 + (k - 1>Zk_2>

Asing(Dk) =

admits, as a C-basis, the family: 1,vy, 2,22, -+, 2*72, that leads to up, = k.

3. Type Eg

ops =12+t + 24

The polynomial ¢pg, is a weight homogeneous polynomial, associated to the
weights of the variables:
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w1 =6, wy=4, w3=3,
that gives w(pg,) = 12, |w| = 13. In this case, the singular algebra is
Clz,vy, 2]

Asing(Eb‘) = (z y2 ZS)

and a C-basis of Ay, is given by: 1,y, 2, 2, yz,y2?, so that ug, = 6.

4. Type E;

pp, = a® +1° +y2’

The weight homogeneity of ¢p. is associated to the weights:
w1:9, ’WQ:6, ’W3:4,
so that w(¢p,) = 18, |w| = 19, and the singular algebra,

Clz,vy, 2]
(z,3y° + 2°, yz°)

Asing(E’?) -

admits, as a C-basis, the family: 1,y,v?, z, 2%, y2, y?z, then pg, = 7.

5. Type Eg

Ops =12+ 1y + 20

This polynomial is also a weight homogeneous one, with the weights of the three
variables:

W, = 15, Wy = 10, w3 = 6,

and the sum of these weights |w| = 31. The weighted degree of g, is w(pg,) =
30, while the associated singular algebra is given by:

Clz,y,z

It is a finite dimensional C-vector space and the family: 1,v, 2, 22, 23, yz, y22, y2*
gives a C-basis of it, so that the dimension of A,  is g, = 8.
Remark 2.32. For each of these singularities ¢, we have

w(p) <=l

When we will determine the Poisson cohomology spaces associated to weight
homogeneous polynomials with an isolated singularity, we will see that these
kind of inequality will play an important role.
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Some unimodal singularities

Now, we will consider two examples of singularities of modality equal to one.
1. Parabolic homogeneous case

o =23+ P+ 22 taxyz, A +27T#£0

This particular ¢, is a homogeneous polynomial of C[z,y, 2], the weights of the
three variables are equal to one:

W1 = Wy = W3 = 1
and the degree of ¢, is @w(p,n) = 3, so that w(p,,) = |w|. The singular algebra

Clz,vy, 2]

Asing(@ﬁh) = 9 9 9
<3x + ayz, 3y° +axz, 3z° + a:cy>

is a finite dimensional C-vector space and admits, as a C-basis, the family:
1,z,y,z,xy, 2z, yz, xyz. As a consequence, the Milnor number of this singularity
is equal to g, = 8.

2. Parabolic weight homogeneous case

Opwh = T2 +yt + 21 +by?2?, VP A£ 4

With the weights
w1:2> w2:w3:17

this polynomial is a weight homogeneous one, of degree w(¢puwn) = 4 = |w|. The
quotient algebra

Clz,vy, 2]
x, y(2y2 + bzz), z(2z2 + by2)>

Asing(Ppun) = <

is a finite dimensional C-vector space, with C-basis:
Ly, 2,42 2% yz,y2%, 2y, y? 22
Its dimension is then equal to fip,n = 9.

Remark 2.33. The two last examples considered were weight homogeneous poly-
nomials ¢ for which we have the following inequality:

w(p) = [=].

We will see in Section 3.2 that the polynomials satisfying this property are those
which are associated to Poisson structures of (weighted) degree equal to zero and
with a Poisson cohomology that has some particular properties.
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3. Among the exceptional families, type Ei5

PE1s = :L,2 + y3 + 27

Considering the variables equipped with the weights:
W, = 21, Wy = 14, w3 = 6,

the polynomial ¢g,, is a weight homogeneous one, of degree w(¢p,,) = 42, while
the sum of the weights of the three variables is equal to || = 41. The quotient
algebra, associated with g,

Clz,vy, 2]

Asing(Ew) = (z yz ZG)

is a finite dimensional C-vector space, which admits the family:
1? y7 Z? 22? 23? 24? 25? yz7 yz27 y237 yz47 yZS

as a C-basis. The Milnor number of this singularity is then equal to pg,, = 12.

Some bimodal singularities

We here study some bimodal examples.

1. Among the families of corank 2, type W;

Owr o =22 +yt +dy? + 20 P £ 4

We consider the weights of the variables
wl:6a w2:3a w3:2>

so that ¢, , is a weight homogeneous polynomial of degree w(¢w,,) = 12 and
|co| = 11. The associated quotient algebra

Clz,vy, 2]

Asin (WI,O) =
! <x, y(2y2 + dzg), 22(dy2 + 223)>

is a finite dimensional C-vector space, with a C-basis:
Ly, 2,92 2% yz, 2%, 20 2ty y2t o2 020 PRyt
and the Milnor number is then equal to py, , = 15.

2. Among the exceptional families, type Wy,
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PWir = :L,2 + y4 + yz5

This polynomial is a weight homogeneous one, with the weights:

w1 =10, wy =15, w3=3,
so that |w| = 18 and @w(¢w,,) = 20. The associated quotient algebra
Clz,y, 2]

Asin (W17) =
’ <:c, 4y 4 2, yz4>

is, viewed as a C-vector space, of finite dimension and admits the family

2,3 2 3 .4 2 3 .2 2.2 ,2.3 .3 3.2 ,3.3
1ay7y Y SR 222G YR YL YR LY R Y R Y LY R YR YR

as a C-basis, so that, the Milnor number is, in this case, equal to py,, = 17.

41

Remark 2.34. The two last examples of singularities ¢ (of type Ej2 and W)

satisfy the inequality:
@(p) > |w|.






3

Poisson cohomology and homology of the affine
space F3

In this chapter, we consider the affine space of dimension three F? and its algebra
of regular functions A = F[z,y, z]. To each polynomial ¢ € A, one associates
a Poisson structure on F2, denoted by {-, '}90’ Under the hypotheses of weight
homogeneity and isolated singularity at the origin for ¢, we determine the Poisson
cohomology and homology of the Poisson variety (F3,{-, -}q)) and see how the
singularity appears in the Poisson (co)homology spaces. To do this, we first begin
by study the skew-symmetric multi-derivations and the Kahler differentials in
dimension three.

3.1 Multi-Derivations and Kahler differentials in
dimension three

In this paragraph, we consider the skew-symmetric multi-derivations and the
Kahler differentials of the polynomial algebra A = F[z,y, z]. In order to simplify
the notations, we will give some identifications that will be useful when we will
consider Poisson cohomology of this algebra.

3.1.1 Multi-derivations

We consider the polynomial algebra A = F[z, y, z] and the skew-symmetric multi-
derivations of A. By convention, X°(A) = A and, according to Remark 2.14, we
have X*(A) ~ {0}, as soon as k > 4. Let V € X'(A) be a derivation of the
algebra A. Then, according to Proposition 2.15, it is totally given by the three
polynomials:

Fy = V[z], Fy = V[y], by = V]2, (Fy, Fy, F3) € A%,

so that: 9 9 9
V:FI%_'_Fz@_y—FF?’@'

Thus, we have the correspondence X!(A) ~ A3:
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%1(A) — A3
. — (V[z], V[y], V]z])
F1%+F2%+F3% — ([, By, F3)

We do the same reasoning for the skew-symmetric biderivations of A. Let

W € X*(A) and
G1 = W[y, Z], G2 = W[Z, SL’], Gg = W[:c,y], (Gl, GQ, G3) S .Ag,

then, necessarily we have:

g 0 0 0 0 0
W—Gla—yAg—l—GQ%/\%—i—Gg—/\—.

The space X2(.A) can so be identified with A3 as follows:

%2(./4) —> A3
W — Wy, 2], Wz, 2], Wiz, ])
Gigg N g+ Gage A gp +Gagp Ny — (61, G2 Ga)

Finally, let Z € X*(A) be a skew-symmetric 3-derivation of A and let
H = Z[x7y7z] € A7

then, we have:

g o0 0

and we can write the following correspondence between X3(A) and A:
X3(A) — A
z - Z[QE‘, Y, Z]
8 A0
who: — M
Vector Formulas

In this part, we use the notations and the formulas of the vector calculus in R3,
adapted to A3. Recall that we have obtained in the last paragraph the following
isomorphisms:

X0A) ~ X3 (A) ~ A, XN A) ~ X2(A) ~ A% xXF(A) ~ {0}, for k > 4.

The elements of A3 are viewed as vector-valued functions on A, so we denote
them with an arrow, like F' € A3. Sometimes, it will be important to distinguish
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A3 ~ XY(A) from A? ~ X2(A); then we will rather write F € X'(A) or F €
X%(A).

As done in Section 2.1.3, in A?, let -, x denote respectively the usual inner
and cross products, while ﬁ, ﬁx, Div denote respectively the gradient, the curl
and the divergence operators. More precisely, let F' be an element of A and F , é,
be two elements of A3, with: F' = (Fy, Fy, F3), G= (G1,G9,G3). The products -
and x are defined by:

ﬁ'éI:F1G1+F2G2+F3G3€A,

—

ﬁXGZ: (F2G3—F3G2, FgGl—Fng, F1G2_F2G1) €A3.

The operator V= 3, g, ﬁ leads to the gradient of F
Ox Oy’ 0z
= (OF OF OF 3
VF = (855’ TR 8z) c A,

and to the curl operator of F

= = (0F; 0F OFy 0F; 0Fy  OF 3

Finally, the divergence of F is given by:

oF, O0F, OF:
L, of Oy

Div(F) := pe o P

e A.

In the further chapters, we will often use, for F , Ge A and F ,G,H € A, the
following formulas, well-known from vector calculus in R?:

V x (FG)=VF x G+ F(V x ), (3.1)
Div(FG) = VF - G+ FDiv(G), (3.2)

Div(Fx G)=(Vx F)-G—F-(VxGq), (3.3)

VE- (ﬁG x ﬁH) Ve, (W[ X ﬁF) —VH- (ﬁF X VG) (3.4)

Weight homogeneity in dimension three

We give, in this part, some useful facts that appear in a weight homogeneous
context, in dimension three. Suppose that we have fixed weights for the variables
x,y, z: wy = w(r), wy = w(y), ws = w(z). The associated Euler derivation €,
(see (2.35)) is then identified, with the isomorphisms given at the beginning of
this paragraph, to the element (also denoted by €é),

—

Co = (w2, Yy, ws2) € A%
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We denote by || the sum of the weights w; + wy + w3, so that
|ow| = Div(éy).
Euler’s formula (2.36), for a weight homogeneous F' € A, can now be written as
VF.é,=w(F)F, (3.5)
and yields, using (3.2):
Div(Fé,) = (w(F) + |w|) F. (3.6)

If w; = wy = w3 =1, i.e., in the homogeneous context, the element €, is rather
denoted by €.

Fixing weights wq, w9, w3 € N*, using the notations of paragraph 2.3.1, the
correspondences in the previous paragraph, and the remark 2.31, we have the
following isomorphisms:

X0(A); ~ A,
xl'AZ:AZ W1X'A’l WQX'AZ w3
( ) + + +w3 (37)
%2(“4)1 2 i+watwz X Ai—l—lm—l—lﬂg X Ai—l—im—l—ww
%3(“4)1 =~ Al-i-wl—l—wz—l—wg

Notice that even if X'(A) ~ X2(A) ~ A3 and X°(A) ~ X3(A) ~ A, these
isomorphisms do not respect the weight decompositions (3.7).

3.1.2 Kahler differentials

As for the skew-symmetric multi-derivations, we can consider the particular case
of the Kahler differentials of A = F[z, vy, 2] and obtain some identifications.

We have 2°(A) = A and, for all k& > 4, 2%(A) = {0}. According to the
definition of the Kahler differentials, we have the following correspondences:

2'(A) — A3
Gl dx+G2dy+G3dz > (Gl,GQ,Gg)
2%(A) — A3

Fldy/\dz+F2dz/\dx+F3dx/\dy<—> (Fl,FQ,F3>

2(A) — A
Kdx Ady Ndz — K
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So that, we have the isomorphisms (See Paragraph 3.1.1 for the skew-symmetric
multi-derivations of A = F|z, vy, 2]):

QO(A) =~ A ~ X3(A),
Q' (A) = AP~ X2(A), s
Q2(A) = A = X(A), |
DA~ A ~XA).

Because of these identifications, a Kéahler 1 or 2-differential of A, viewed as an
element of A%, will be denoted with an arrow, as for the skew-symmetric 2 or
1-derivations of A. We will also use the same notations (6, x, Div, ...) as those
introduced in Paragraph 3.1.1 for the skew-symmetric multi-derivations, adapted
to the Kahler differentials.

More precisely, the isomorphisms between X*(A) and 237%(A) (for 0 < k < 3)
are given by the star operator x (see Paragraph 2.2.2) and are explicitly written
as follows:

2°(A) — X (A)
0 0 0
Q1 A) — X*(A)
Gldx+G2dy+G3dz <—>G1£/\£+G2£/\g
oy 0z 0z O
re; 2al
> Ox dy
22(A) — X'(A)
0 0 0

FidyANdz+ Fodz Ade + Fsde Ady «—  Fi— + F, —

23(A) — X°(A)
Kdx ANdyAdz — K

According to the previous isomorphisms, we can write the de Rham complex,
in dimension three, in terms of elements of A and .43.

If F € °(A) = A, then dF € 2'(A) can be identified, according to the

oF OF OF 3

—, =, | € A”.
Ox’ Oy 0z

For a = Fydx + Fydy + F3dz € 2Y(A), with F := (Fy, Fy, F3) € A3, the de
Rham differential gives

previous isomorphisms, with the element VF = (
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da = (%—f’—%) dy/\dz+<%—%) dz/\d:H—(%—%—y) deAdy € 22(A),

that one can see as the element V x F' € A3 (see the definition of the curl operator
in the paragraph 3.1.1).

Now, let 3 = Gydy Adz + Godz Adz + Gzdz Ady € 2%(A) be a Kihler
2-differential of A, where G = (G1,Gq,G3) € A3. Then,

0G,  0Gs n 0G's

dﬁ:<8x+8y 0z

) dz Ady Adz € 2°(A),

that is identified with the element Div(é) = <a§rl + aaG; + aai?’) c A

Of course, if v € £23(A) is a Kéhler 3-differential, then dy = 0. So we obtain
the de Rham complex of A = Flx,y, z], expressed in terms of elements of A and
A? (see paragraph 3.1.1 for the notations used in A3):

F—A— A2 — A — A —0
Fr——VF
F +— VxF
G +— Div(G)

(3.9)

Proposition 3.1. The algebraic de Rham complex (3.9) of the polynomial algebra
A =F[z,y,z| is an ezxact one.

Proof. In this proof, we will work with the writing of the de Rham complex of A,
given in (3.9). The classical argument of exactness of the de Rham complex of
C*(R™) will be adapted to the algebraic case.

Let F = (Fy, By, F3) € A be composed of three homogeneous polynomials of
degree r € N, with Div(F) = 0. We recall that € denotes the Euler derivation
(2.35) in the homogeneous context (When W) = Wy = Wy = 1). Then, Div(F) =0
implies that the first component of vV x (F X €') is equal to

oF 1 aFl 8F2 8F3
(Vx(Fxé’)) _2F1+y8 Z&z —x(8y+8z)

oF OF oF
—2F1+yal+z Ly o2

0z ox
= (2—|—7’)F1,

in view of Euler’s Formula (2.36) in the homogeneous context. Analogous equal-
ities hold for the second and the third components of V x (F x &), so that we
obtain that F = V x G, where G = %(F_” x €) e A°.

Similarly, V x F =0 leads to
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(ﬁ@iéﬁl ;Kxﬂ+yﬂ+ng
g OB OF  OR,

ox +y ox e ox
_ oF, 0Fy 0F;
=hrae ox +y Jy e 0z

= (T+1) Fl,

according to Euler’s Formula (2.36) one more time. As we have analogous compu-

tations for the other components of 6(13 -€), this computation leads to F=VH,
with H = —5(F - &) € A We have so obtained that the algebraic de Rham
complex of A is exact. O

3.1.3 The Koszul complex in dimension three

Let us now consider the affine space of dimension three, F? and let us denote by
A its algebra of regular functions A := F[z, vy, z]. In this paragraph, ¢ € A will
denote a weight homogeneous polynomial with an isolated singularity:.

With the Cohen-Macaulay theorem (see [56] and [57] for proofs), we will see
that, in this case (where ¢ is weight homogeneous with an isolated singularity),
the Koszul complex associated to ¢ (see Paragraph 2.3.3) is also exact. For this
9p 9p Op .
dx’ Dy s
a regular sequence of A. In order to explain that, we first have to write down the
definition of a homogeneous system of parameters of an algebra.

purpose, we will see that the sequence of partial derivatives of :

Definition 3.2. Let A be an associative and commutative graded F-algebra. A
system of homogeneous elements Fi, ..., Fy in A, where d is the Krull dimen-
sion of A, is called a homogeneous system of parameters of A (h.s.o.p.) if
A/(Fy, ..., Fy) is a finite dimensional F-vector space.

For example, if we consider the F-algebra A = F[z,y, 2], which is graded by the
weighted degree associated to ¢, we have a natural h.s.o.p. given by the system
x,y, 2. Moreover, we have seen in Paragraph 2.3.2 that a weight homogeneous el-
ement p € A has an isolated singularity if and only if the three partial derivatives
dp Oy ¢
Oz’ Oy’ 0z

In order to understand the following theorem, that we will need, we still have
to give the definition of a regular sequence.

give a h.s.o.p. of A.

Definition 3.3. A sequence aq, ..., a, in a commutative associative algebra A is
said to be a A-reqular sequence if (ay,...,a,) # A and a; is not a zero divisor of
Allay, ... a;i_1) fori=1,2,....n

For example, it is clear that the sequence z,y, z is a regular sequence in Flz, y, z|.

8¢ 0@ Oy

But, what about . when ¢ is weight homogeneous with an isolated

singularity?
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Theorem 3.4 (Cohen-Macaulay). Let A be a Noetherian graded F-algebra. If
A has a h.s.o.p. which is a reqular sequence, then any h.s.o.p. in A is a reqular
sequence.

Thus, when ¢ € A = Flz,y, 2] is a weight homogeneous polynomial with an
Op Op 0O
isolated singularity, then a—(p a_go a_go is a regular sequence. This is the key fact

that permits us to prove the next proposition, saying that the Koszul complex
associated to ¢ is an exact one.
According to the identifications of the paragraph 3.1.2, we can rewrite the
Koszul complex associated to ¢ € A = F[z,y, z| as follows:
Ve xV -V

{0} A A3 A3 A (3.10)

For example, if F € 2 (A) ~ A3, F = Fdz+ Fydy + F3dz, then

ﬁAd¢=<an‘P 8¢)dyAd ( ¢ Fla‘p)dmdx

0 8y Sox 0z
dp Oy

which is identified, under the isomorphisms of Paragraph 3.1.2, with the element
F x ﬁap € A3 It is well-known that a Koszul complex associated to a regular
sequence (see Paragraph 2.3.3 and [20]) is exact, but, as it is very simple to prove
this result in the particular case of the Koszul complex (3.10) and as it gives a
good idea of what happens, we will here do it.

Proposition 3.5. If p € A is a weight homogeneous polynomial, with an isolated
singularity, then the Koszul complex (3.10) is exact.

Proof. Let us prove that the Koszul complex, associated to ¢ € A is exact, when
¢ is weight homogeneous with an isolated singularity. If F' = (Fy, Fy, Fy) € A®
satisfies the equation F' x Vi = 5, then we have the three equalities:
0 0 0 0
Jopad ' _ % 4 ' 4

i i
—Fy=- =0, F-—tX-F
ay G 35 34 13-

F
=0 fa dy Oz 0z

= 0.

Let us consider the first one. Since the partial derivatives of ¢ form a regular

: . 0 :
sequence, 97 is not a zero divisor in A/ <_<p>7 so there exists o € A such that
Ox

Oy

= aa— and then F, = aa— The other equations imply that F3 = aa , that
ox oy 0z
is to say F = anp.
For the second part of the exactitude of the Koszul complex, the reasoning
is exactly of the same kind. Assume that F = (Fi, Fy, F3) € A? satisfies the

equation F. ﬁgp =0, ie.,
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0 0 0
Op | p0¢ _ _pov

£ ox dy 0z’

dp Op 0 0 9o O
As the sequence ago 8_4P a—(p is regular, a—f is not a zero divisor in A/( 8(p 0§>
so that the above equatlon leads to the existence of G, H € A satisfying: F5 =

Oy Oy
G@x +H8y and

(ri+03) 32 = ~(re+ 15l) 5o

With the same reasoning than above, we obtain the existence of K € A such

Op K@_go and then F1+G880 ——Kg—SO,SO that F = H x Ve,

0z ox 0z dy
where H = (H, -G, K) € A3. Thus the Koszul complex is exact. O

that: Iy + H—

Associating Proposition 3.1 with the above Proposition 3.5, we obtain the
following result, that will play a fundamental role in our computations of Poisson

cohomology, associated to a polynomial.

Proposition 3.6. For any ¢ € A the following diagram

F A A3
v Vx
0 A PV s Ty
v Vx Div
A Ve 2 xV e Ve A
v Vx Div
A Ve e XV e Ve )

1s commutative and has exact columns. If p is weight homogeneous with an iso-
lated singularity, then the rows of this diagram are also exact.

Remark 3.7.1f ¢ € A is weight homogeneous, then, as maps from X*(A) to
X*1(A), each of the vertical arrows is weight homogeneous of degree zero,
while each of the horizontal arrows is weight homogeneous of degree w(y), the

(weighted) degree of ¢, leading to:
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\Y4
HA), — X A)rso)
lﬁ YV X
\V4 XV v
XA () — = X2(A)y — XA i) —= X2(A)rt2m(0)

lﬁ ﬂ lﬁx ﬂ lDiv

xV

X2 (A) o) — X (A —— X(A)riaie)

Proof. This proposition has already been proved in Propositions 3.1 and 3.5. O

Remark 3.8.1f ¢ € A is a weight homogeneous polynomlal without square factor

then the first part of the Koszul complex A Ve, p3 XV xV¢ A3 is exact, but the
second part B .

A3 Ve A3 vy A (3.11)
need not be exact if the weight homogeneous polynomial ¢ does not admit the
origin as an isolated singularity any more. For example, let ¢ = xyz € A. The
polynomial ¢ is square free but the origin is not an isolated smgularlty for .
Then, the element F = (z,y,—22) € A satisfies the equation F - Vgo = 0 but, by

an argument of degree, there is no element G € A3 such that F = G x Vgo

We will often apply Proposition 3.6 directly but sometimes, we will use it in
terms of the following corollary.

Corollary 3.9. Let p € A be a}’ueigilt ho_mogeneous polynomaial with an isolated
singularity and let H € A3. If (V x H) -V = 0, then there exist F,G € A such
that H = VFE + GVp.

Proof. According to the diagram in Remark 3.7, the operator H (ﬁ x H ) -ﬁgo,
considered as a map between X?(A) and X°(A), is a weight homogeneous operator
of degree w(p). Therefore, it suffices to prove the result for an element H e
%2(A)r, with r € Z. If (V X H) Vgo = 0 then, by Proposition 3.6, there exists
K € A% such that V x H = K x Vgo In view of Remark 3.7, K can be chosen in
X2(A),_w(p). Summarizing, we have to prove that an equation of the type:

VxH=KxVy, HeX}A), K¢cX A, ny (3.12)

implies that H=VF+ Gﬁgo, with F, G € A.

We will do this by induction on r € Z, by proving the result directly for all
r < w(p) — o, with @? = max{w, + @, @, + @3, @2 + w3}, where the
integers wy, wy, wy are the weights of the variables z, vy, 2.

If r < w(p) — w? then, according to the decompositions in (3.7), we have
X?(A),—w(p) = {0} so that the equality (3.12) leads to V x H = 0. Using Propo-
sition 3.6, we obtain H= ﬁF, with F' € A, as required.
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Let 7 > w(p) — @ and assume that (3 12) implies, for all » < 7/, the
existence of F,G € A such that H=VF —I—GV<p Let us suppose that an element
Le X2%(A), satisfies an equation like in (3.12), namely, suppose that there exists
He X?(A),—w(y) such that

VxL=HxVe. (3.13)

Then, H satisfies (3.12), with r =7/ —w(go) Indeed, computing the divergence of
both summands of (3.13) gives (V x H)- V¢ = 0 and using Proposition 3.6 once
again leads to the existence of K € X?(A),_2w(,) such that we have V x H =

K x ﬁap. By induction hypothesis, there exist F, G € A such that H= VF—I—GVgp.
Then, using Formula (3.1), we obtain

VxL=HxVo=VFxVp=V x (FVy).

_ We can now conclude with Proposition 3.6 that there exists I’ € A such that
L — FVp = VF'. Hence the result. O

3.2 Cohomology of (F?,{-,-} )

In this section, we will determine the Poisson cohomology spaces of the Poisson
variety (F?, {-,-} ), where ¢ € A = F[z,y, 2] is a weight homogeneous polyno-
mial, with an isolated singularity (at the origin) and {-, -}  is the Poisson bracket
defined in the paragraph 2.1.3.

3.2.1 Poisson complex of (F?, {-,-} )

Let us recall that for the polynomial Poisson algebra A = F[z,y, z|, we have the
following isomorphisms (see paragraph 3.1.1):

X(A) — A
Vo (Vla], VIy], VIz));

X%(A) — A3
W — Wy, z], W[z, ], W[z, y]);

X3(A)— A
Z — Zlz,y, 2]

For example, with the notations of the paragraph 3.1.1, the skew-symmetric
biderivation {-, -} is identified with the element V¢ of A%,
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Each of the Poisson coboundary operators associated to the Poisson algebra
k . .
E.A, {-, ~}¢) (see paragraph 2.2.1), denoted by §7, can now be written in a compact
orm:

0U(F)=VF x Vyp, for F e A~X"(A),
0L(F) = =V(F -Vy)+Div(F)Vyp, for '€ A*~X'(A), (3.14)
02(F) =~V (Vx F) = —Div(F x V), for F € A* ~ X?(A).

Let us for example determine 6 (F) as an element of A?, for an arbitrary F' € A.
We will identify 02(F) with the triplet (62(F)[z],6%(F)[y], 05(F)[z]). We have,
according to Formula (2.12),

dp OF  0p OF

Op(F)[z] = {z, F}, = —2=——+

dy 0z = 0z Oy B <§FX§S0)1’

the first component of the element VF x ﬁap € A3, and analogous equalities for
00(F)[y] and 02 (F)[z], so that we obtain the desired formula for 62 (F).
As a consequence, the Poisson cohomology spaces of (A, {-,-} ), denoted by

H%(A, ), take the following forms

HO(A, ) = Cas(A, ) ~ {F e A| VF x V=01,

HY(A, o) ~ €A | -V(F- Vo) + Div(F) Ve = 0}
{VF xVo|F e A}

)

P

3 ~
H(A @) = {Vo-(VxF)|FeA)
and we denote by B*(A, ) (respectively, Z¥(A, ¢)) the space of all k-coboundaries
(respectively, k-cocycles) of (A, {-,-} ).

One of our purposes is to determine the Poisson cohomology of (F?, {-,-} )
when ¢ € A is weight homogeneous with an isolated singularity. The weight
homogeneity of ¢ will be essential for the computation of these spaces. It implies
indeed, among other things, that each of the coboundary operators 5:2 is weight
homogeneous of the same degree N(p) := w(yp) — |w|, as can be seen from (3.14).
That is to say, we have:

P e XMA); = 5E(P) € XM (A) iy

If P € X*(A) is a cocycle, then each of its weight homogeneous components will
be a cocycle. In the same way, if P € X*(A) is a coboundary then each of its
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weight homogeneous components will be a coboundary. Moreover, if P € X*(A) is
a weight homogeneous coboundary;, it is the coboundary of a weight homogeneous
element in X*~1(A).

Remark 3.10.1f p € A is a weight homogeneous polynomial with an isolated sin-
gularity, then w(yp) — w; > 0, for i = 1,2,3 (where w(yp) is still the (weighted)
degree of ¢ and wy, wy, w3 are the weights of the variables x,y, ), and in partic-
ular, w(p) > 1.

3.2.2 The space H(A, ¢)

A precise description of the 0-th Poisson cohomology space, which is also the
algebra of the Casimirs, is given in the following proposition.

Proposition 3.11. If ¢ € A is weight homogeneous with an isolated singularity,
then the zeroth Poisson cohomology space of (A, {-, -}@) is given by

HY(A, p) = Cas(A, ¢) @ng

i€EN

Proof. Let FF € A — {0} be a weight homogeneous 0-cocycle, thus satisfying
00 (F) = VFxV = 0. Write F as F = Hy", where r € N and where H € A—{0}
is a polynomial that is not divisible by ¢. We have VF = @TVH +rHep" IVQO,
S0 VH x ch = (. Proposition 3.6 implies the existence of G € A such that

VH = GVgo. Since H and ¢ are weight homogeneous and in view of Euler’s
Formula (3.5),

w(HYH =VH-é,=GVy- e, =w(p) Gy,

so w(H) =0, as H is not divisible by (2 Thus H € Fand F = Hy" € @, Fo
Conversely, it is clear that 02 (¢") = V(") x Ve =0, for any r € N. O

Remark 3.12. According to Remark 3.8, if ¢ € A is a weight homogeneous poly-
nomial without square factor but ¢ is not necessarily with an isolated singular-
ity, then the first part of the Koszul complex is still exact, so Proposition 3.11
is also valid for this more general class of polynomials. However, if ¢ has a
square factor, the result is not true anymore. For example, if ¢ = " with
r > 2 and ¢ € A a weight homogeneous polynomial without square factor,

then HO(A, @) ~ H(A, ) ~ @, F' so that H(A, ¢) % @, Fe'.

3.2.3 The space H' (A, ¢)

We first prove a result which will be useful to determine H'(A, ¢).
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Lemma 3.13. Let ¢ € A be a weight homogeneous polynomial with an isolated
singularity and G € A3. Suppose that there exist r € N and o € F such that

G Hgo 0,
{Dlv(é) ap (3.15)

Then o = 0 (equivalently Div(G) = 0).

Proof. According to Remark 3.7, the operator G — (G - Vi, Div(G)) (from A3
to A?) restricts for any d € Z to an operator between X'(A)q and X°(A)gtw(p) X
X%(A),4. Therefore it suffices to prove the lemma for an element G € X!(A),,
with d € Z. Suppose that such an element G satifies (3.15), then, according to
Proposition 3.6, the first equation implies that there exists K € x2 (A)d—m(e)
such that G = K x Vgo We will apply induction on r € N. First, if r =0, then,
according to Formula (3.3), o = Div(G) = Div(K x Vi) = (V x K) Vi, so that
a = 0, for degree reasons.

Assume now that for some fixed r > 0, any G that satisfies (3.15) is divergence
free. Suppose that H € A3 satisfies H - ﬁ(p =0 and Div(ﬁ) = o/ !, for some
o’ € F. Writing H K x Vi, the Formulas (3.3), (3.5) and (3.6) show that
G=VxK- ﬁcp € satisfies (3.15), with a = —d/(@w(¢)r + |w|)/@(p), so
that, by induction hypothesis, 0 = o = —o/(w(p)r + |@|) /@ (p). It follows that
o/ =0. O

Now, we can give the main result of this Section. We recall that || is the sum
of the weights of the three variables z,y, z.

Proposition 3.14. If p € A is weight homogeneous polynomial with an isolated
singularity, then the first Poisson cohomology space of (A, {-, '}so) s a free module
over Cas(A, @), given by:

{0} if @w(p) # |@l;
HY(A, ) =~ {Cas(A, 0) s =@ Foie, if w(p)=|wml
iEN
Proof. Let F' € X1(A) be a non zero element of Z'(A, ¢), that is to say, F € A3
satisfies the equation:

V(F - V) = Div(F) V. (3.16)

Accordmg to Remark 3.7, we Suppose that F is weight homogeneous. Our purpose
=¥ = € BY (A, ¢) + @,cn F¢' €, where ¢ = 0
if w(p) # |w| and ¢ need not be 0 otherwise. Our proof will be divided in three
parts.

1. First, using cocycle condition (3.16), we find an element G € A3 which
satisfies the equations (3.15). This equality implies indeed that (53(]3 V) =
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ﬁ(ﬁ . ﬁw) x Vi =0, so that the weight homogeneous element F - Vo of A is a
Casimir. According to Proposition 3.11, there exist ¢ € F and r € N such that
F-Vo= cgp’"“ Usmg Equation (3.16) once more, we obtain Dlv(F) =c(r+1)y".

Letting G := =¥ €=, Formulas (3.5) and (3.6) imply that G satisfies (3.15),

where a = ¢(1 — %) Lemma 3.13 leads to

{Dw(G) =0, G-V =0,
_ _ =l
0=c ( w(gp)> .
2. Now, we will show that if G € A? satisfies Div(G) = 0 and G - Vi = 0,
then G € BY(A, ). Let G be a such element. As G - V¢ = 0, Proposition 3.6

implies the existence of an element H € A3 such that G = H x ﬁgo. Moreover,
we have

0 = Div(G) = Div(H x V) = (V x H) - V.
Corollary 3.9 leads now to the existence of elements K, L € A such that H =
VK + LV, so that G = VK x Vo = §)(K) € B'(A, ¢).
3. The first two parts of this proof lead to the existence of K € A and ¢ € F
such that

F VK X VQO + ( )90 ewa
(3.17)

ozc(1—ﬂ)

@ ()

Now, we have to consider two cases: w( ) || and w(p) = |w|.

o If w(p) # |w| then ¢ =0 and F = VK x Vi = 00(K) € B*(A, ¢). Thus,
when @(p) # ||, then H'(A, ¢) ~ {0}.

e Now, suppose that @(p) = |w|, then (3.17) leads to Z'(A, ) C BY(A, ) +
D.cn ngiéw. Conversely, for any ¢ € N, Formulas (3.5) and (3.6) lead to

0p(¢'es) = (|w| — w(v))p' Ve = 0. So that
Z'(A, ) = B'(A ¢) + PFye..

ieN

Let us show that this sum is a direct one. It suffices to consider a weight homo-
geneous element ay'e, € Bl(A <p) a € F, i € N. It means that there exists
K € A such that ap'e, = VK x V. Then (3.3) and (3.6) lead to (we suppose
@(p) = |@l)

0 = Div(VK x V) = Div(ap'e,) = alw|(i + 1)¢,
therefore @ = 0 and the sum B'(A,¢) & @, Fy'és is direct. Thus, when
w(p) = |w|, then H'(A, p) ~ P, nFe'és. O
Remark 3.15. We see that the case w(y) = |w| is particular. When ¢ is homo-
geneous (i.e. weight homogeneous with w; = wy = w3 = 1), it is the case where
the degree of ¢ is three, that is to say, where ¢ is a cubic polynomial and {-, -}gJ
is a quadratic Poisson bracket.
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3.2.4 The space H3(A, )

Now, we give the third Poisson cohomology space of (F3, {-, '}so)’ where ¢ € A =
F[z,y, z| is weight homogeneous with an isolated singularity. Recall that, in this
case,

dp dp ¢

Asin :an ) .09 ) o
is a finite dimensional F-vector space, whose dimension is the Milnor number,
denoted by p. Let uy = 1,uq,...,u,—1 be weight homogeneous elements of A,

such that their images in Ay, give a F-basis of Ay;,,. We still denote by |w| =
w, + @y + w3 the sum of the weights of x, y and z.

Proposition 3.16. If ¢ € A = Flz,y, 2] is weight homogeneous with an iso-
lated singularity, then the third cohomology space H3(A, @) is the free Cas(A, ¢)-
module:

pn—1
H*(A, ) ~ @) Cas(A, ¢) u; ~ Cas(A, ) @ Asing.

J=0

Proof. Let F € Aq ~ X*(A)4—|»| be a weight homogeneous polynomial of degree
d € N.

1. We first show that there exist G € A3, N € N and elements \;; € F,
where 0 <4 < N and 0 < j < p— 1, such that:

N p—1
=0 j=0
€ B (A @)+ Y, Foy

Let !l := max(w, s, 3). We apply induction on d, proving directly the result
for d < w(p)—wl! (this is not an empty case, as can be seen from Remark 3.10, for

example, it contains the case F' € F). By definition of the elements o, ..., u, 1,
we have:
pn—1
F:Vgo-L—l—Zozjuj, (319)
j=0

where L € X' (A)g—w(p) and a, ..., a,_1 € F.

If d < @(p) — @Y then the correspondences (3.7) imply that L is an element
(a,b, ¢) of F3 so that F is indeed of the form (3.18), with G = (bz, cz, ay), N = 0
and Ao ; = ;.
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Now, suppose that d > @ () — !l and that any weight homogeneous polyno-
mial of degree at most d — 1 is of the form (3.18). Let us consider the decompo-
sition (3.19) for F of degree d. Proposition 3.6 implies that there exists G € A?
such that:

—

- Div(L) - o
— .=V xG 3.20
I— (o) + =] (3.20)

-
=

since Div (E—%é’w> = 0, as follows from w(Div(L)) = d—w(p) and (3.6).

Using the induction hypothesis on DiV(E), we obtain the existence of a K € A3,
satisfying
Div(L) € V- (ﬁ X l?) + Z Foru;.
keN
0<j<p—1

Then, (3.19), (3.20) and the Euler formula (3.5) imply:

Fe = () wﬁgw(ﬁx[?)jt Z Fgoluj+<ﬁ><G)~Vgo

T==(p) +1=]
0<j<p—1
. (s o0) oo l
EV@-(VX( ¢K+G))+ Fo'u;,
I—w(p) + = 2. Feu
0<j<p—1

because of Formula (3.1). We have then obtained an equation of the form (3.18).
2. So, we have already obtained that

pn—1
A={Vyp (VX L)|LeA}+> Cas(A4 )y
1 =0 (3.21)
= B3(A,¢) + > _ Cas(A, p)u;.

=0

and it suffices to show that this sum is direct in A ~ X3(A).
We suppose the contrary. This allows us to consider the smallest integer
Ny € N such that we have an equation of the form:

N p—1
Z Z Nigp'uy = Vi - (V x G) = =62(G), (3.22)

1=Ng j=0

with G € A3, N > Nyand \;; € F (for Ny <i < Nand 0 < j < pu—1) and
ANo,jo 7 0, for some 0 < jo < p— 1. We will show that this hypothesis leads to a
contradiction.

First, suppose that Ny = 0, then, according to Euler’s Formula (3.5),
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p—1 N p-1
. - - = 8@ 8@ 8@
> doguy = =D D ety + Ve (Vx G) € (32,58, 5F)
= pa s Or’ Jy’ 0z

and the definition of the w; implies that Ao ; = 0 for all 0 < j < p — 1, which
contradicts the hypothesis Ay, j, # 0.
So we suppose that Ny > 0, using Euler’s Formula (3.5), the equation (3.22)

N p—1

; Ni o oo . - .

can be written as V- < E g w(’;)(pl_lujew) = V- (V xG). Proposition 3.6
i=Np j=0

implies that there exists H € A such that:

N p—1

Aii i1 o = oA o= =
Y Y Sgiye. =V x G+ H x V.
()

; - w
i=Ng j=0

The divergence of both sides of this equality and Formula (3.6) give:

N p—1
D2 ety = (V < H) - Vo = =63 (H),

i=N1 j=0
where A} ; = %(w(ap)ijLw(uj)—Hw\) and N; = Ny—1. So, we have obtained an
equation of the form (3.22), with N1 < Ny and Xy, ; # 0. This fact contradicts
the hypothesis and we conclude that the sum (3.21) is direct. The description of
H3(A, ) follows. O

Remark 3.17. Proposition 3.16 permits us to give a short proof of Lemma 3.13.
Indeed, let G € A3 satisfying the system (3.15), with @ € F and r € N. The first
equation G- ﬁcp = 0 implies, according to the exactness of the Koszul diagram
(Proposition 3.5), that there exists K € X2(A), such that G = K x V. Then
the second equation becomes:

ap” = Div(G) = Div(K x Vi) = (V x K) - V.

We point out that ap” € Cas(A, ¢) ug, so that, according to Proposition 3.16 and
the writing of H3(A, ¢) in Paragraph 3.2.1, we conclude that o = 0, that is the
result given in Lemma 3.13.

3.2.5 The space H2(A, )

Finally, using Proposition 3.16 (and in fact the writing of H3(A, ¢)), we obtain
a F-basis of the second Poisson cohomology space of the algebra (A, {-, -}@),
when ¢ € A = Flz,y, 2] is a weight homogeneous polynomial, with an isolated
singularity. We point out that, in Chapter 6, we will obtain another basis of this
space that will be more useful for the study of the formal deformations of {-, ~}¢,
but the basis we give in the following proposition permits one to see easily for
example, the free part of H%(A, ¢) (as Cas(A, p)-module) and its writing in the
special cases w(p) < |w| and w(p) = |w].
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Remark 3.18. As Z2(A,¢) = {H € A% | (V x H) - Vi = 0}, Corollary 3.9 leads
to the equality . .
Z2(A,0) ={VF +GVy | F,G € A}.

Proposition 3.19. If ¢ € A = F[z,y, 2] is weight homogeneous with an isolated
singularity, then the second Poisson cohomology space of the algebra (A, {-, '}so)
is the Cas(A, p)-module:

pn—1 pn—1
H*(A, ¢) ~ @ Cas(A, ¢)Vu; @ @ Cas(A, p)u; Ve
() () || ()= () ||
pn—1

where the first row gives the free part. B
In particular, we have: H*(A, @) ~ @g‘;ll Cas(A, p)Vu,, if w(p) < |w| and
H(A, ) = @2 Cas(A, ) Vu; & Cas(A, p) Vi, when w(p) = |w].

Remark 3.20. We see that the Poisson structure {-,-}, will be exact (that is to
say a 2-coboundary) if and only if w(p) # |w|. This fact comes from the equality
04(6z) = —(@w(p) — |@w|) Ve, a consequence of Formulas (3.5) and (3.6).

Remark 3.21. Contrary to the other cohomology spaces, H?(A, ¢) is generally not
a free Cas(A, ¢)-module. In fact, using Formulas (3.5) and (3.6), we get:

8L (P'u8s) = (wluy) — () + |@|) ¢'u; Vo — w() ™ V. (3.23)

This equality, which will be also useful later, explains that we have to distinguish,
in the expression of H%(A, ¢), the u; satisfying @(u;) = @w(p)—|w@| from the other
ones. While ﬁuj ¢ B*(A, p) (for any j > 1), if j is such that @(u;) = @w(p) — ||
then (3.23) yields that ©*Vu; € B2(A, @), for all k > 1, but this is not true when
w(u;) # w(p) — |w|. This is the reason why H?(A, ) is not always a free module
over Cas(A, ¢).

Moreover, for all j satisfying w(u;) # w(y) —|w|, (3.23) implies that cpiujﬁgp,
i > 0, can be written as cgpi“ﬁuj + 0, (d9'u;é), with ¢, ¢ € F —{0}.

Proof. First, let us show that:

pn—1
AP =BA+ Y Cas(Ag)Vy
- w(uj)£w(p)—|w| 1 (3.24)

+ Z C&S(A, @)Ujﬁw + Z Fﬁuj
()= (i) |27 o (uy)= (i)~ |27
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Let F € Z%(A, ¢). According to Remark 3.18, there exists G, H € A such that
F=VG+ HVep. (3.25)
Moreover, Proposition 3.16 implies the existence of él, H, € A3, N € N and of
elements \; j,0;; € F, with 0 <¢ < N and 0 < j <y — 1, such that:
)\Z’J()OZU]', H = (Si(Hl) + Z Z 52'7]'@['&]', (326)
i=0 j=0 i=0 =0
while we have the 2-coboundaries:
V(63(Gh)) = =V ((V x G1) - Vip) = 6,(V x G1) € BX(A, ),
S2(H)) Vi = — ((6 w ) - %) Vi = —6L(H, x V) € BX(A, ).

Using this fact, (3.25) and (3.26), we obtain

pn—1 pn—1
F e BYA )+ Z Cas(A, go)ﬁuj + Z Cas(A, @)ujﬁw.
j=1 =0

Remark 3.21 then implies that F can be decomposed as in the right hand side
of (3.24). On the other hand, all elements of the right hand side of (3.24) are
2-cocycles, yielding equality in (3.24). (Indeed, using Formula (3.1), we have, for
all F,G € A, 62(¢pVF) = V- (V x (¢VF)) =0 and 62(GVy) = -V (V x
(GVyp)) =0).

Let us show that the sum in (3.24) is direct and let us consider N € N and
some elements of F: (A;,7;,0;%), for 0 < ¢ < N, 1 < j < pu— 1 such that
w(uj) = w(p) —|w|, 0 <k < p—1such that w(u,) =w(p) —|w|, 1 <l <p-—1
such that @(w) # @(¢) — |@| and an element H € A? satisfying the equation in
X2 A):

pn—1 N p—1
AV + > > Oi, k" Uk Vep
j=1 1=0 k=0
@ (uj)=w(p) =[] @ (up) == (p)—|=|
N pn—1
+3 Y yue'Vu = 04(H) = —V(H - V) + Div(H) V.
i=0

1=1
@ (w)#w(p)—|w|

Observing this equation leads to see that each Vu; of the first sum (with o (u;) =
w(p) — |w]) is an element of X2(A),(,)—2jw(, While the other elements in this
equation are of strictly bigger degrees. This fact implies \; = 0, for all 1 < j <
p — 1 such that w(u;) = w(y) — |w|. Then, we have:
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N p—1
> > Sipp'ux Vo + Z Z Yiap'Vuy
1=0 =
()~ ()~ o] () () ||

—

~V(H - V) + Div(H)Ve,

that can also be written as:

Z Z Vi u + H-Vy | =LV, (3.27)
(Uz#W(@) ||
where
N pn—1
Li=Div(H) =3 > dulut Z Z ' w
i=0
w(ux)=w ()~ || ! (u)Emlo) Il
So the element
N pn—1
Z Yigp'ug + H -V
i=0

=
() (e)—||
satisfies the 0-cocycle condition (that is to say, is a Casimir) and Proposition 3.11
implies that there exist elements ¢, € F with r > 1, such that:

N
> Viagu+H-Vo=> c¢". (3.28)

r>1

Therefore, by definition of the w;, we have vy; = 0, for all [ between 1 and p — 1,
satisfying @w(u;) # w(y) — |@|, so that

V‘P ZCMP —Z Z %,l@iul

r>1
W(Uz)?fW( )—l=|

_ Z o 1_, Z Z Vil (Pi_lulgw '690-

— W(so @ (o)
- R

Proposition 3.6 leads to the existence of an element K € A3 such that:

o e, Z Z z;(i;)cpi_lul € + K x ﬁgp.

W(Uz)#ﬂ(@ ||
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Using Formulas (3.6) and (3.3),

Div(H) = 3 — (@) = 1) + @)y

N pn—1
=YY EEEE- ) ww) + @
i=1 =1 w(gp)
@ (w)7Fw(p)~|w|

+(VxK) V. (3.29)

Moreover, Equations (3.27) and (3.28) give L = 3 -, r¢,¢" !, that implies, with
the expression of L:

N p—1
Div(H) = Z re.p Tt + Z Z 8 oip U
1=0 k=0

r>1

@ (up)=w(p) ||
pn—1

N
-> e . (3.30)

S2(K)=(Vx K)-Vo= Cr w — |w|)" !
S = ( ) Vo 2 w(@( (¢) — =)

N p—1 ~

il i—1
+ w(u) —w + |w U
@ (u)#w(p)—|w|

N pn—1 ' u—1
+ Z Z 0i ko Uy, € @ Cas(A, ) u;.

=0 k=0 7=0

w(ur)=e(p)— ||

Proposition 3.16 implies that, for all @w(y) (equal or not to |w|), we have v;; =0
and 6; ; = 0, for all ¢ between 0 and N, all [ between 1 and p — 1, with @w(u;) #
w(p) — |w| and all k& between 0 and p — 1 satisfying w(ug) = w(p) — |w|.

Therefore all the elements A;, v;; and 0, considered are equal to zero, hence
the fact that the sum is direct. We have so obtained the result desired for
H?*(A,p). O

Remark 3.22. Using Euler’s Formula (3.5) and the writings of the Poisson coho-
mology spaces H'(A, ) and H?(A, ) given in Propositions 3.14 and 3.19, we
can make the ring structure on the space H*(A, ¢) := @;_, H*(A, ¢), induced
by the wedge product, explicit. One obtains, for example, that

At HY A, ) x H* (A, ¢) — H*(A, p)

is surjective when w(p) = |w|.
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3.3 Homology of (F*,{-,-} )

In this section, we consider the affine space F? and its algebra of regular func-
tions A = Flz,y, 2] (with char(F) = 0) and ¢ € A, a weight homogeneous
polynomial with an isolated singularity. This algebra is still equipped with the
Poisson structure {-, ~}¢. We use the Poisson cohomology of the Poisson variety
(F3 {-, '},), given in the last section 3.2, to determine its Poisson homology. See
Paragraph 2.2.2, for the definition of the Poisson homology.

The boundary operator of the algebra (A,{-,-} ) is denoted by J7, while
the Poisson homology spaces are denoted by Hy (A, ¢). In the particular case of
our polynomial algebra A = F[z,y, 2|, we recall (See Paragraph 3.1.2, for details)
that £2°(.A) is the A-module generated by the wedge products of the 1-differential
forms dz, dy, dz and that we have £2°(A) = {0}, for all i > 4 and the isomorphisms
(given by the operator x):

2°(A) ~ 2P(A) ~ A, QHA) ~ 2*(A) ~ A°, (3.31)

which allow us to use the same notations and formulas than in the last section,
when we talk about differential forms. For example, the 1-differential form dy
corresponds, with these notations, to the element ﬁcp of A3, as the biderivation
{-.-},- In terms of the operator *, we have indeed *({-,-},) = de.

Proposition 3.23. If ¢ € A is weight homogeneous with an isolated singularity,
the homology spaces of (F3,{-, -}q)) are given by:

Hyp(A, ) ~ H>*(A, ), for allk=0,1,2,3. (3.32)

Proof. This result easily comes from the isomorphisms between the spaces £2%(A)
and X*7*(A), given in Paragraph 3.1.2, and from the fact that, under these iden-

tifications, we get
O = (—1)F 53+, (3.33)

O

Remark 3.24 (Modular derivation). Another way to see the isomorphisms (3.32)
is to observe that the modular derivation (See section 2.2.3) of the Poisson algebra
(A, {-,-},), given by Div({-,-} ), is equal to zero, as, by definition:

H(Div({-, 1)) = dx ({},) = d(dg) = 0.

Thus (A, {-, '}eo> is unimodular and, according to Proposition 2.28, in this case,
there exists a duality (expressed by the isomorphisms (3.32)) between the Poisson
cohomology and Poisson homology spaces of the Poisson algebra (A, {-,} s0).






4

Poisson cohomology and homology for surfaces
in F3

In this chapter, we rather consider affine varieties that are surfaces in F2. In our
study, one finds two types of such surfaces: a smooth one, the affine space F2; and
a singular one, F, : {¢ = 0}, where ¢ € F[z,y, 2] is a weight homogeneous poly-
nomial with an isolated singularity. We have already seen in Paragraphes 2.1.2
and 2.1.3 that we can equip both these affine surfaces with Poisson structures.
The space F? will be endowed with a Poisson structure that admits a singular
locus, while the singular surface F, will be endowed with a Poisson structure,
as regular as possible, that is to say, symplectic everywhere, except on the (iso-
lated) singularity. We recall these constructions and the corresponding Poisson
(co)homology complexes and determine the Poisson cohomology and homology
of the affine Poisson surfaces obtained.

4.1 Multi-Derivations and Kahler differentials of F|x, y]

In this section, we will study the particular case of the skew-symmetric multi-
derivations and Kahler differentials of the polynomial algebra A := F[x,y]. It
will be very close to the considerations we have done in dimension three. In fact,
we will do some identifications of the spaces of all skew-symmetric k-derivations
and all Kéhler differentials with A or A2, that will be useful for the further
computations.

4.1.1 Multi-derivations

Let us consider the affine variety F2, equipped with its algebra of regular func-
tions A = F[z,y]. We will study the skew-symmetric multi-derivations of this
polynomial algebra.

By definition, we have X°(A) = A and according to Remark 2.14, we have
XF(A) =~ {0}, for k > 3. It remains to study the two spaces X'(A) and X%(A).
Let us consider the derivations of A. According to Proposition 2.15, such an
element V € X'(A) is completely defined by its values on the two generators x
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and y. If we denote by F' € A, the element F' = V[z| and by G € A, the element
G = V[y|, then we have indeed :

) )
V=F g Gy

So we have a one-to-one correspondence between X'(A) and A2, given by:

XA — A2
% — (VIz], VIy))
FEZ+GE — (FQ)
Now, let us turn out with the skew-symmetric biderivations of A. As previously,

an element W € X%(A) is defined by its values on the two generators z and y.
Let us consider the element H € A defined by: H = W|x, y], then we have:

0 0
W—H%/\a—y.

One more time, we have a correspondence between X?(A) and A:

XA — A
HZANS «— H

Vector Formulas

According to the identifications we have considered in the previous paragraph,
we will often write the skew-symmetric multi-derivations of A as elements of
A or A2 In order to simplify the writing of the next computations and in a
very analogous way than for the polynomial algebra F|z,y, z], we will, in this
paragraph, introduce some notations in A and A2. The elements of A? will often
be denoted with an arrow, like F = (Fy, F3) € A2

Let F,G € A% be two elements of A2, with F = (F1, Fy) and G = (G4, G2)
and let us consider two polynomials H, K € A.

In A?, the usual inner product is denoted by -, so that:

F.G=FG +FG,c A

We now denote by V the gradient operator:

- (0H 0H )
VH—(%,%)EA,

and we define another operator H:A—> A2 K — ﬁK, with the formula:
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L (0K 0K\ _ .,
Hyg = (a—y,—%) e A°.

Finally, the classical divergence operator is given by:

OF, 0F;

DiV(ﬁ):%—f‘a—y

e A

In the computations in A and A% that will appear in next sections, we will
need the following formulas, easily verified G € A% and H, K € A:

Div(HG) = VH -G+ HDiv(G), (4.1)
Div(Hy) =0,
VH -Hg = —VK - Hy.

Weight homogeneity in dimension two

Assume that we are in a weight homogeneous context, i.e., assume that we have
some fixed weights, oy and @y, for the two variables x and y. Then, the (weighted)
Euler derivation (2.35) is, in the case of dimension two, given by €, = w; 22 +
wWo ya% and, under the previous identifications, it can be viewed as the element
(also denoted by €,)

ey = (w2, way) € A

We then have Div(éy,) = w; + ws. With the help of the notations of the previous
paragraph, Euler’s formula (2.36) for a weight homogeneous polynomial G € A
can also be written as:

VG- &, =w(G)G. (4.4)
Using this formula and (4.1), we obtain the following

Div(Gey) = (w(G) 4+ w1 + ws)G. (4.5)

Finally, using the notations of paragraph 2.3.1, the previous identifications of
the multi-derivations of A and the remark 2.31, we have the following isomor-
phisms:

%O(A)Z ~ .A,',
%1@4)2‘ ~ Ao X Aigow,, (4.6)
%2(“4)% = Ai+@1+?ﬂ2-

These decompositions show us that the previous identifications of the spaces of
all multi-derivations of A (in the last paragraph) do not respect the weight.
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4.1.2 Kahler differentials

Let us turn out with the Kéhler differentials of the algebra A = F[z, y]. We have
2°(A) = A and 2F(A) ~ {0}, for all k > 3. Now, let o € 2'(A) be a Kihler
1-differential of A. In view of the definition of the Kéhler differentials, there exist
some polynomials F,G € A such that:

a = Fdr+ Gdy,

and we have the following correspondence between 2'(A) and A?:
A — A2
Fdzr+ Gdy «—— (F,G)

Let 8 € 2%(A) be a Kahler 2-differential of A, then, according to the definition
of £2°(A), there exists H € A satisfying:

3 = Hdz Ady,

that leads to the correspondence between 2%(A) and A:

2?(A) — A
Hdx ANdy «— H

Summarizing, we have the following natural isomorphisms (see the paragraph
4.1.1 for the skew-symmetric multi-derivations of A = F[z, y]):

P(A) =~ A ~ XA,
2M(A) ~ A% ~ X(A), (4.7)
P(A) ~ A ~ XO(A).

We recall that these natural isomorphisms are given by the star operator x, defined
in the paragraph 2.2.2 with the volume form A = dx Ady. We have, for F,G € A,

*(F) =1p\ = Fdx A dy,
2) =tppga )= Fdy— Gdr, (4.8)
*(F% %):ZFB%A%A:F,

so that, explicitly, the above isomorphisms are given by:
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A —— XA
0 0
H — H—AN—=
2z " oy

A XA
o 0

F — — — F—
dr + Gdy G@x 3y

PA) XA
Fdx ANdy «—— F

We point out that the isomorphism between 2'(A) and X'(A) is, in terms of
elements of A%, not the identity but given by:

A%~ QY A) «—— X1 (A) =~ A2
(F,G) — (G,—F) (4.9)
(-G, F) «— (F,G)
We will now consider the de Rham complex in the particular case of the algebra
A = F[z,y]. According to the previous identifications, we will be able to write it

in terms of elements of A and 4.
For F € A= 2°A), we have,

COF ,  OF 1

OF OF 5
Oz’ a—y) €A%

Now, for a = Fdxr + Gdy € 2'(A), with F,G € A, the de Rham differential
leads to the element

which corresponds, under the isomorphisms (4.7), to (

oG  OF )
that one can see, under the isomorphisms (4.7), as g—G — (Z—F € A
Oy

Finally, if 8 € 2%(A) is a Kéhler 2-differential, then d3 = 0.
So that, the de Rham complex of the algebra A = F[z, y], in terms of elements
of A and A2, can be written as:

F—A— A? — A
OH OH
H*’(%’a—y)
oG OF

F -

(4.10)
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Proposition 4.1. The algebraic de Rham complex of the polynomial algebra A =
F(z,y] is an exact one.

Proof. We will work with the algebraic de Rham complex of A, written as in
(4.10), in terms of A and A?. As in dimension three, the classical argument of
exactness of the de Rham complex of C*°(R") is easily adapted to the algebraic
case.

The only fact to verify is: if (F,G) € A? satisfies G /0x — OF /9y = 0, then
there exists H € A such that (F,G) = (8H/8:17, 8H/8y). So let (F,G) € A? be

two polynomials of A = F[z,y|. Assume that they are homogeneous of the same
degree r € N. Then Euler’s Formula (2.36) for homogeneous polynomials (that
is to say for wy = wy = wy = 1) says:

OF oF oG oG
F - - - = —_ —_—
r x8x+y8y and rG x8x+y8y
F 1
Now, suppose that % = 8— and let H € A be the polynomial H = (a: F+
or Oy r+1

yG), then, we obtain:

oH 1 ( oF 8G> leLl( oF 8F>:F’

o F il htll
Jr r+1 +£E0:1:+y8y

OH 0H

and, similarly, 0H/Jy = G, so that (F,G) = <8—’ B
x Yy

Rham complex of A is exact. O

) and the algebraic de

As, in the further chapters, we will rather work with multi-derivations than
Kahler differentials, we will here express the de Rham complex of A = F[z,y], in
terms of elements of A and A2, but viewed as multi-derivations. For this purpose,
we translate the complex (4.10) with the help of the correspondence (4.9). It then
becomes

F—A— A2 — A
Kr— 'FZ K (4.11)
H — Div(H)
Remark 4.2. This complex is an other writing of the de Rham complex, S0 that,
Proposition 4.1 implies that the complex (4.11) is also an exact one: if H € A?
satisfies Div(H ) = 0, then there exists K € A such that H = Hg. (By adapting
the above proof, we see that, if H = (F,G) with F' and G two homogeneous

polynomials of the same degree » € N, then we can choose K to be the element

K = H%(—ijLyF).)
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4.1.3 Isolated singularities and dimension two

In this paragraph, we want to show the link between isolated singularities and
square-free property, for polynomials in F[z, y].

Lemma 4.3. Let ¢ € Flx,y] be a weight homogeneous polynomial. The corre-
sponding weights of x and y are denoted by w; and wy and we suppose that
w(v) > w;, for i = 1,2, so that ¥ has a singularity at the origin. Then, the
following conditions are equivalent:

(1) ¥ has an isolated singularity (at the origin), i.e., the F-vector space Aging(1) =

Flz,y]
o o
<8_ac’ 8_y>
(ii) ¥ is square-free (i.e., any polynomial & € Flx,y|, such that £ divides ¥ in
Flx,y], is necessarily a constante);

(11i) The first order derivatives of 1, % and %, are coprime.

is of finite dimension, denoted by p, (see Paragraph 2.3.2);

Proof. First, let us suppose that v is not square free: there exists a non constant
polynomial ¢ € F[z,y] and x € F[z, y], satisfying ¢ = £2x. Then, we have:

aw as S

)
g~ Xy

26y +§2 +§2 3y (4.12)

so that £ divides the first order partial derivatives of 1. Any polynomial of F[z, y],
no multiple of £, has then a non trivial projection in the quotient algebra Ag;,, (1)
and it implies that this F-vector space is of infinite dimension. This shows that,
if ¢ has an isolated singularity, then 1 is square-free ((¢) implies (ii)).

Now, let us show that 1 is square free, if and only if, the first order partial
derivatives of 1 have no (non constant) common factor. Indeed, if there exists
X € F[z,y], dividing each partial derivatives of ¢, according to Euler’s Formula
(2.36), x divides 1. We write now 1) = x, we suppose x irreducible and we have,

o 9xe) _ &p +o ox o Oxy) _ (990 +y %
ox ox 01' 01' oy oy 8y 8y

so that y divides ¢, and x? divides v). Under the hypothesis done on v, x is
constant and the partial derivatives of ¢ are coprime. Conversely, if ¢ is not
square-free, ¢ = £y and (4.12) implies that W and W are not coprime. So that,
we have obtained that conditions (ii) and (m) are equ1valent.

We now are supposing that 1 is square free, or, equivalently, that its first
order partial derivatives are coprime. We show that, this hypothesis implies that
the origin is an isolated singularity for ¢. We refer to [49], for the proofs of the
following lemma and theorem.

Lemma 4.4 (from [49]). Let F,G € F[z,y| be two non zero coprime polynomi-
als. Then there exists a non zero polynomial D € F[x] in the ideal (F,G).
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Proof. Two polynomials F,G which are coprime in F[z,y]| are also coprime in
F(x)[y], so that, according to the Bezout theorem, there exist two polynomials
U,V € F(z)ly], such that:

1=U(z,y)F +V(z,y)G.

We denote by D(z) € Flz] the ppem of the denominators (elements of F|x]) of
the rational functions that are the coefficients of U, V', as elements of F(x)[y].

Then, we have:
D(x) = AF + BG,

where A = D(z)U € Flz,y] and B = D(x)V € F[z,y], that proves the lemma.
O

This lemma allows us to prove the following theorem.

Theorem 4.5 (from [49]). Let F,G € F[z,y] be two non zero coprime polyno-
mials. Then the F-vector space F(x,y]/(F,G) is of finite-dimension.

Proof. According to the above lemma, there exists a non zero polynomial D &€
F[z] and two polynomials A, B € F[z,y| satisfying:

D(z) = AF + BG.
Let us denote by d the degree of D. Let i,j € N, then, if ¢+ > d, we have:
2y’ € (D) + (a7l a2y ) CUFGY + (@ Ty,

so that, for fixed j € N, there are only a finite number of ¢ € N such that the
family of monomials (2'y’);cn is free in the quotient vector field F|x,y]/(F, G).
If we do the same reasoning for j, we obtain that there is only a finite number
of monomials z'y’ that freely generate F[z,y]/(F,G). That leads to the finite-
dimension of this F-vector space. 0O

0 0
_w’ G — _Qp,
ox dy
that, if ¢ is square free, or, equivalently, if its first order partial derivatives are
coprime, then the origin is an isolated singularity for v». O

Now, according to the above theorem, specialized to F' = we have

The Koszul complex in dimension two

Let v € A = F[x,y] be a square free weight homogeneous polynomial. Then,

we will show that the Koszul complex associated to 1 is an exact one. In fact,

according to Lemma 4.3 and the Cohen-Macaulay theorem 3.4, we have that

g—d’, g—w is a regular sequence, so that the Koszul complex associated to ¢ is exact.
€z Y

But we use the previous paragraph to obtain the fact that g—f and g—¢ are coprime

and this permits us to write directly the exactness of the Koszul complex. In fact,
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according to the identifications of the paragraph 4.1.2, we can rewrite the Koszul
complex, in terms of elements of A and A2, as follows:

{0} A A2 — A (4.13)

As for the de Rham complex, we can write the Koszul complex, in terms of
elements of A and A2, but, viewed as multi-derivations, instead of Kahler dif-
ferentials. Using (4.9), we obtain the following complex (totally equivalent to
4.13)): -
413) A (%

{0} A A? A (4.14)
Proposition 4.6. If ) € A is a square free weight homogeneous polynomial, then
the Koszul complex associated to 1 (4.13) (equivalent to (4.14)) is exact.

Proof. In order to show that this complex is exact, we will, for example, use the
writing (4.13). Let us consider an element F = (F,G) € A% satisfying F-H,, = 0.
We have to verify that there exists an element H € A, such that F=H ﬁw. The
condition F - ﬁw = 0 can be written as follows:

oY oY
F—=G—.
dy ox
As 1 is square free, we know (according to Lemma 4.3), that the first order
0
derivatives of 1) are coprime, so that, necessarily, 0_w divides F: F = a—¢H , with
x x

H € A. Thus, we also obtain G = g—wH, and F = Hﬁzﬂ and the Koszul complex
Y

associated to 1 is exact. O

4.2 Cohomology and homology of F?2

In this section, we will determine the Poisson cohomology of the affine space of
dimension two, equipped with a weight homogeneous Poisson structure. In fact,
explicit basis of the Poisson cohomology C-vector spaces have been determined
by P. Monnier, in his thesis and in [45], in an germified (local) context, while the
dimensions of the Poisson cohomology F-vector spaces have been obtained by P.
Vanhaecke and C. Roger, in an algebraic homogeneous context, see [54]. Here,
we give explicit basis of the Poisson cohomology spaces, in an algebraic weight
homogeneous context. This work is inspired from the works cited above.

4.2.1 Poisson cohomology of (F2, {-, }’p)

We consider the affine space of dimension two, F2, equipped with its algebra
of polynomial functions A = F[z,y] and with a Poisson structure, defined by a
polynomial ¢ € A:
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0 0
P

=Y = N =
{- ) oz "\ 3y
According to the paragraph 4.1.1, we can write the Poisson cohomology complex
of (A, {-,-}¥), in terms of elements of A and A2. For example, let H € A ~
X°(A) be a polynomial. Then, the Poisson coboundary operator associated to
(F% {-, }d’) is denoted by §*. Applied on H, it is completely defined by its values
on z and y:
OH

(H)la] = o HY* = ()l = (o HY' = 05

oy
(see paragraph 4.1.3 for this notation). Now, let V = F-Z + Ga% € X'(A) (with
F,G € A) be a derivation of A. Using the identifications of the paragraph 4.1.1,
the derivation V is also viewed as the element F' = (F,G) € A?. We have:

so that, viewed as an element of A2 §°(H) is equal to ( o _ %—f) = wﬁH

3 W)z,y) = {a. Iy} — {y, VIal}” = VI{a,y}"]

= {2,G}" —{y, F}" = V[y]
aG R
1/1— ( ar —I—Ga—y>,

so that, §'(V), viewed as an element of A is, using the notations of Para-
graph 4.1.1,

oG+ 5y) ~ (5 +65,) —vDm() = F- 9o

so that the Poisson cohomology complex of (A, {-, }d’) can be written as follows:

0—A— A2 — A —0
H—s v Hy (4.15)
F +— ¢Div(F)—F Vi

We now express the Poisson cohomology spaces of (A, {-,-}¥), denoted by
H*(A, 1), in terms of elements of A and A?:
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HO(A, ) = {H€A|¢ﬁH:5},

{F e |pDiv(F) - F- Vo =0}

H (A )~ (| 1 A} ’
HA A ) = {wDiv(ﬁ) — ]34 Vi | F e Az}'

It is clear that we have H°(A, ) = A, if v = 0 and H°(A,¢) =F, if ¢ # 0.

Remark 4.7. Suppose that ¢ € F is a non zero constant polynomial. Then, the
Poisson cohomology spaces of (A, {-,-}¥) become

{ﬁeA2\Div(ﬁ):0}
{ﬁH | HEA}

HO(A, ) =~ {H e A|Hy 26}, H' (A, ) ~

H2(A, 1)) ~

A

{Div(F) | F e}

and this is an illustration of the well-known result that says, in the symplectic
case, that the Poisson cohomology is isomorphic to the de Rham cohomology. By
observing the de Rham complex in dimension two (4.11), we see indeed that, in the
case where 1 is a non zero constant polynomial (and the corresponding Poisson
bracket is the classical symplectic structure a% A a%), the de Rham complex is
exactly equivalent to the Poisson cohomology complex. In this context, according

to Proposition 4.1, the de Rham cohomology, and so the Poisson cohomology, is
trivial:

HYAY) =F, H'(Ay)={0}, H(AvY)={0}; if¢eF—{0}

We will now assume that the polynomial ¢ is a non constant weight homoge-
neous polynomial. We denote by w; and ws the corresponding weights of the two
variables = and y. We recall that () denotes the (weighted) degree of .

Remark 4.8. As in dimension three, for the Poisson variety (F3, {-, },), we point
out that, if ¢ is a weight homogeneous polynomial of A = F|xz,y], the Poisson
coboundary operator, associated to the Poisson algebra (A, {-,-}"), is a weight
homogeneous operator and satisfies:

P e XF(A); = 65 (P) € X" M (A) iy niw),

where N'(¢) = w(¢) —w; —wy € Z is exactly the weight of the Poisson bideriva-
tion {-,-}¥ € X2(A). This fact allows us to work “degree by degree”, in order
to compute the Poisson cohomology spaces of (F?, {-, -}w), as we have done for

(F3> { ) }<p)
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In their paper [54], C. Roger and P. Vanhaecke show that H'(A,v) and
H?(A,) are infinite dimensional if and only if ¢ is not square-free. In our dis-
cussion, we will assume that ¢ is square free, so that the Poisson cohomology
spaces are of finite dimension.

First, we will determine the first Poisson cohomology space H*(A, ). To do
this, we need the following result.

Lemma 4.9. Let » € A = Flz,y] be a square-free weight homogeneous polyno-
mial. Suppose that K € A is a polynomial satisfying:

Hy - Vi = 0.
Then K € @, . FY".

Proof. Let K € Flz,y] — {0}, such that Hy - Vo = 0. We suppose that K is
weight homogeneous. The proof of this result will be analogous to the one of
Proposition 3.11. We write K = Hv", with r € N and H € A — {0}, a weight
homogeneous polynomial which is not divisible by 1. Then, we have:

7’?1{ = wTﬁH + THQ/JT_lﬁw,

so that, Hy - ﬁ@b =0 =-VH - ﬁw, according to Formula (4.3). Using the
exactness of the Koszul complex associated to v, in Proposition 4.6, there exists
a polynomial J € A = F[z,y] such that VH = JV¢. Euler’s Formula (4.4) then
yields

@w(H)H = @(¢)Jy,

so that, w(H) = 0, because ¢ does not divide H. We have obtained that K =
Hvy" € FyY", hence the result. 0O

Proposition 4.10. If ¢ € A = F[z,y] is a square-free weight homogeneous poly-
nomial, then the first Poisson cohomology space of the Poisson variety (F2,{-,-}*)
s given by: B
Hl (.A, ’l/)) ~ AN’(u;) gw @ FHw,
where Ay 18 the F-vector space of all weight homogeneous polynomials of
A =TFlz,y], of degree equal to N'(¢)) = w(¢) — wy — ws.

Proof. Let F € A2 be an element of ZY(A, ), i.e., satisfying:
§'(F)=y¢Div(F) = F -V = 0. (4.16)

Considering Remark 4.8, assume that Fex! (A) is weight homogeneous of degree
r € Z (i.e., according to the decompositions (4.6), F' € A, 1n, X Ayiw,). Using
Euler’s Formula (3.5), the cocycle equation (4.16) can be written as:

(% Div(F) &, — ﬁ) Vi =0,
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so that, according to the exactness of the Koszul complex in Proposition 4.6,
there exists G € A, such that:

—Div(F)é, — F = GHy. (4.17)

o If r = w(F) = w(y) — @ — @y = N'(¢), then
DlV(ﬁ) S AN’(7/1)'

According to the decompositions (4.6), we have H,, € X! (A) w(h)—o1 —wz> and
@(G) = w(F) —@(Hy) = @(F) = w(t) + @1 + @2 =0,
so that
ﬁ = — DlV(ﬁ) 5w - Gﬁ¢ c AN/(w) étw + Fﬁd;

e Now, suppose that @(F) £ N'(1).
We compute the divergence of the equation (4.17) and, by using Euler’s For-
mula (4.5), Formulas (4.1), (4.2) and (4.3), we obtain:

(7’ + Wi + wo
@ (1)

so that, according to the exactness of the Koszul complex (Proposition 4.6), there
exists a weight homogeneous K € A such that

- 1) Div(F) = VG- Hy = —V) - Hg = — Div(¥Hg), (4.18)

(r + w1 + w2
@ (1)

If K € F, we have F € FyHg C BY(A,¥) (r # @(1h) — @y — ws). Let us now
suppose that K is not constant. By computing the inner product of (4.19) with
V1), by using the cocycle equation (4.16) and the string (4.18), we get:

. 1>ﬁ +He = He. (4.19)

T S = (%_1)15.6%@@%
_ (% _ 1)¢Div(ﬁ)+wﬁg-w
= V- He + vHe - Vi
—0

Accor§ing to Lemrga 4.9, there exist ¢ € F and s € N* sugh that K = ci®, so
that Hx = csy* " 'Hy. Equation (4.19) leads to @w(K) = w(F') + w1 + w2 # @ ()
(because w(F) # N'(1)). That implies s > 2 and (4.19) yields:

ﬁ:wﬁF € Bl(Aa¢)>



80 4 Poisson cohomology and homology for surfaces in F?

with F' = % (-G + Sc%lqﬂs_l). We have then obtained, by considering

both cases r = N'(¢)) and r # N'(¢), that
ZY(A, ) C BYA,¥) + Aniy) € + FH,y.

The other inclusion is obvious. If H € Ay (), we use indeed (4.5) and (4.4) to
obtain:

SYHE,)=¢Div(Hé,) — Héy, - Vi =0,
and we use Formula (4.2) to get:
8" (Hy) = ¢ Div(Hy) — Hy - Vip = 0.

Now, it remains to show that the decomposition of Z'(A,) obtained is a
direct one. To do this, let us consider a polynomial H € Ay, an element
F € A and c € F satisfying:

Hé, + cHy = 6°(F) = ¢ Hp.

Here, we have w(H) = N'(¢) = w(¢¥) + w(F) — (w1 + w2), so that w(F) =0
and F € F. Then, we have Hp = 0 and

He, + cﬁw = 0.
By computing the divergence, we get:
(N'(¢) + 1+ w9) H=w(¢)) H=0,
thus H = 0, ¢ = 0 and the sum is direct, we have exactly:
ZHA W) = BY (A, 0) ® Aniy) 6= ® FHy,
that gives the desired result. O

Now, let us turn out with the second Poisson cohomology space of the Poisson
variety (F2,{-,-}").

Proposition 4.11. If v € A = Flz,y| is a square-free weight homogeneous
polynomial, then the second Poisson cohomology space of the Poisson variety
(F2 {-,-}¥) is given by:

- Flz,y
H?*(A, ) ~ ANy ¢ @ wa
or’ Oy

where Ay is the F-vector space of all the weight homogeneous polynomials
of A, of degree equal to N'(¢) = w(¢) — wy — ws.
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Proof. We recall from Lemma 4.3, that, as v is supposed to be a square-free
weight homogeneous polynomial of F[z, y|, the F-vector space

_ Flz,y]

Asing () = o0 OUN

< ox’ dy >
is of finite dimension. Let us denote by s, the dimension of this F-vector space
(i-e., the Milnor number of ¢) and by vy = 1,v1,...,v,,-1 a family of weight
homogeneous polynomials of F[z, y], whose images in Ay (1) give a F-basis of

this F-vector space.

Let F € A = F|z,y] be a weight homogeneous polynomial of degree r € N.
According to the definition of vy, ...,v,, 1, we have the existence of a weight

homogeneous element G € A? and of constants AjeF for0<j < py—1
satifying
Hyp—1

F:G_?ﬁtb—l- Z )\j’l}j.
=0
We have G € X' (A)y—w(y) and w (Div(é)) =r—w(v).
e Assume that r # 2w(¢)) — w1 — ws = N'(¢) + w ().

For any weight homogeneous polynomial H € A, according to Euler’s Formulas
(4.5) and (4.4), we have:

S'(Heé,)=yDiv(Hé,)— Hé, - Vi
=(wH)+w +ws—w(¥)) Yy H
= (@w(H) = N'(¢)) v H.
So that, we have

1 1
G ey

Div(G)e, — é) — ¢ Div(G) — 0Y(G) = G - Vi € B (A, ),

and F € B?(A, ) + Z’;io_l Fv;, in this case.
e Now, let us suppose that r = N'(¢) + w ().

—

Then, w(Div(G)) =r —w () = N'(¢) and
G-Vip = —Y(G) + ¢ Div(G) € BX(A, ) + Ay ¥
and, according to the above writing of F', we have

Hyp—1

e B%A,lp) + Anr ) ¥ + Z F ;.

J=0

By studying both cases r # N'(¢) + w(¢) and r = N'(¢) + w(¢), we have
obtained the equality
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pyp—1
A=B (A1) + Ay b+ Y Fuj. (4.20)
j=0
It remains to show that this sum is direct. For this purpose, let us consider
H € Anyy), F € A? and some elements \; € A, for 0 < j < py, — 1, such that

pyp—1

SMF)=9¢Div(F)—F-Vy=Hi+ > Aoy (4.21)

=0
As H is a weight homogeneous polynomial of degree N’(¢)), we assume that

F e XY (A)nw).
With the help of Euler’s Formula (4.4), Equality (4.21) leads to

oy 0
; Ajv; € <a ay>

which yields, according to the definition of the v;, A; = 0, for all 0 < j < 1.
Now, with again the help of Euler’s Formula (4.4) and of the exactness of the
Koszul complex in Proposition 4.6, we have the further equalities:

L
@ ()

where G € A is a weight homogeneous polynomial. In fact, w(G) = w(H) —
w (1Y) + @y + we = 0, by hypothesis, so that, G € F. We compute the divergence
of the latter equality (with Formulas (4.5) and (4.2)), and we obtain:

¢D1V(ﬁ) =F. 6@@
(Div( ) — )ew = F+ GH,,

N' () + w1 + wo
@(¢)

that gives H = 0. We then have obtained that the sum (4.20) is a direct one, and
so we have proved the promided result. O

(Div(ﬁ ) — H) — Div(F) — H = Div(F),

4.2.2 Poisson homology of (F?,{-, }”b)

We consider the affine space of dimension two, F2, its algebra of regular functions
A = F[z,y] and a weight homogeneous Poisson structure on A

8
{-,}" w o\ oy
where ¢ € A is square-free. Under the identifications of the spaces of all Kahler
differentials in paragraph 4.1.2, we are able to write the Poisson homology com-
plex in terms of elements of A and A?:
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2! Ao
{0} {0}

QA ~ A2 — °(A) ~ A
To do this, we have to consider the definition of 0, in Paragraph 2.2.2 and the
identifications given in the paragraph 4.1.2. For F € A ~ 2°(A), dy(F) = 0
and, for F' = (F,G) € A% ~ 2'(A), we have 9;(F ) € 2°(A) ~ A, given by:

22

P2(A) ~ A

O(F ) = {F,2}" +{G.y} = v (—— ; _) |

Then, for F € 2*(A) ~ A, 05(F) € 2'(A) is given by:
0o(F) = {F,z}" dy — {F,y}" dz — Fd {z,y}"
oF oF
= % dy — e — Fd
(G oy v 4T ¥
— —4(oF)
but under the identifications mentioned above, we see 0;(F) € 2'(A) ~ A? as

the element —ﬁ(Fw) = — (8(((1;?)’ 8(§¢)) € A?. Finally, we obtain
Y

Oo(F) =0, for Fe A~ 2°A),

Ou(F ) = (g_f - ‘2—5) b, for F=(F,G) € A ~ O\(A), (4.22)

O(F) = -V (Fy), for F e A~ 22(A).

These writings lead to the writing of the (classical) Poisson homology spaces
in dimension two:

A
HO(A7¢) = oG oOF )
oG OF
(F,G) e A% | <%_8—y)w:0} (4.23)

Hl(Av ¢) =

Y

{ﬁ(m) K e A}
Ho(A, ) ~ {F e A|V(Fy) = o} .

Now we can explicitly determine these spaces, in terms of elements of A or A%, by
supposing that 1 is a non constant, weight homogeneous, square free polynomial
(See the thesis of P. Monnier, where these computations are done).

Remark 4.12. We point out that, in the symplectic case (See Remark 4.7) where
1 € F is a non zero constant polynomial, the Poisson homology spaces are given
by:
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A

HO(A,’QD) = oG OF = {0}7
(%_8—3/ | F,.Ge A
oG OF
Hi(A, )~ — ~ {0},
1(A, ) {VK|K6A} {0}

Hy(A, ):{FGAWF:()}:F.

A1
(where for Hi(A,1), we have use the exactness of the de Rahm complex, in
Proposition 4.1.)

1. As we suppose that ¢ is non constant, we see that

Hy(A, ¢) ~{0}).

F
2. Because 9 is not equal to zero and A = { (%— — Z_G) | F,G € .A}, we have:
Yy x

Ho(A, ) ~ A/{Y)|.

3. Finally, let us consider the space H;(A, ). First, for F,G € A, according to
the Proposition 4.1 that gives the exactness of the de Rham complex, we have
that:

=

oF 0G
<———) =0 < a—y—%—O@(F,G)_VH,

with H € A. So that, we have
{ﬁH | He A}
Hl(A> 'l/)) = - .
{V(sz) |Fe A}

Moreover, let us suppose that H, I’ € A are two weight homogeneous polyno-
mials. Euler’s Formula (4.4) allows one to write:

VH =V(Fy) = VH-é, = V(F{) - &,
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Remark 4.13 (Modular derivation). The results of Poisson cohomology and ho-
mology obtained for the Poisson variety (F2, {-,-}¥) will permit us to illustrate a
different configuration of the unimodular property than in the case of the Poisson
variety (F3,{-, },) in Chapter 3 (see Remark (3.24)).

Indeed, the Poisson variety (F2,{-, }w) is unimodular if and only if ¢ € F, as
the modular derivation Div({-,-}") is, according to (4.8), given by

#(Div({-, 1) =d* ({-,-}") = dy,

We have seen in Remark 4.7 that the case of ¢y € F* is the symplectic one, where
the Poisson cohomology is isomorphic to the de Rham one and we have seen in
Remark 4.12 that in this case, we have a duality (H*(A) ~ H,_1(A)) between
the Poisson cohomology spaces and the Poisson homology spaces.

If we exclude this case, we have no chance to have a modular derivation equal
to zero and to apply Proposition 2.28. We point out that, according to the results
we have obtained, if ¥ is not a constant polynomial, then the Poisson cohomology
space H*(A) is not isomorphic to the Poisson homology space Hy_1(A) (for k =
0,1,2).

4.3 Cohomology of the singular surface F,

In this section, we consider an other Poisson variety of dimension two than
(F2,{-,-}¥) as we want to study a singular affine surface in F3. To do this, we
consider as in Section 3.2, a weight homogeneous polynomial ¢ € A := F|x,y, 2|,
with an isolated singularity and the singular surface defined by its zero locus
F,:{p =0} C F3. Our purpose is to equip this variety with a Poisson structure
as regular as possible and to compute the corresponding Poisson (co)homology.

4.3.1 The Poisson complex of the singular surface F,

In this paragraph, we want to equip the algebra of regular functions on the surface
F,, namely, the algebra A, := F[z,y, z|/(¢), with a Poisson bracket and to study
the Poisson cochains, i.e., the skew-symmetric multi-derivations of F,. To do this,
we will first establish a relation between the skew-symmetric multi-derivations of
F[zy,...,z,] and those of the algebra of a general affine variety, F|xy, ..., z,]/Z.

Multi-derivations of F[xy,...,x,] and F[z,...,2,]/T

In this paragraph, we will give a result that will help us to write the skew-
symmetric multi-derivations of an algebra of regular functions on an affine variety
M C F". In order to simplify the notations, we will, in this paragraph, denote
with a bar the objects relative to a quotient, as explained now.

Let M be an affine variety and let A be the algebra of regular functions
on M. One can write A as the quotient A := Flxy,...,,]/Z of the polynomial
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algebra A := Flzy,...,x,] and an ideal Z of A (see the paragraph 2.1.1). For
F € A=F[xy,...,x,], we denote by F the image of F in the quotient algebra A,
so that, A is generated by the elements zi,...,7z,. We also denote by g the
projection map p: A— A: F — o(F) =F.

We want to study the skew-symmetric multi-derivations of 4. We will see that
every skew-symmetric multi-derivation on A is induced by a skew-symmetric
multi-derivation of A.

First, we recall that, according to Proposition 2.15, a skew-symmetric k-
derivation of A = Flzy,...,x,], P € X¥(A), is completely defined by its values
on the generators of the algebra A. More precisely, for Fi,..., F, € A, we have
seen that:

8F1 8Fk

P[Fl;-..,Fk]: Z P[z‘ll,,xlk]%ax
11 1k

1<i1,..1<n

(4.24)

Now, we would like to generalize this formula to the skew-symmetric k-
derivations of A, that is to say, we want to obtain an analogous formula as (4.24)
for the skew-symmetric k-derivations of A. The problem is that the sum in the
right side of the equality (4.24) does not clearly give a well defined map on A*.

Proposition 4.14. Let M be an affine variety and let A be its algebra of reg-
ular functions. Let P € X*(A) be a skew-symmetric k-derivation of A. For all
Fy, ..., F, € A, we have:

Ox;, Oy,

PFy,....F)= > Pz, ... %) 5—

1<i1,.1<n

(4.25)

Proof. The proof will be inspired from the proof of Proposition 2.3. Let P €
X*(A). As P and the expression given on the right hand side of (4.25) are k-
linear in Fi, ..., Fj, it suffices to show this equality for F},..., Fy, monomials in
Z1,. .., Tyn. We will show Formula (4.25) by recursion.

First, if there exists 1 < [ < k, such that deg(F;) = 0, i.e., F; = 1, then,
P[Fy,..., F] = 0. Moreover,if Fy,..., Fy are all of degree 1, namely, F, = ;_,
1 <r <k, then, it is clear that the equality (4.25) holds.

Now, assume that Formula (4.25) holds for all Fy,...,F; € A, such that
deg(Fy) + -+ + deg(Fy) < m, for some m > k. We show now that it holds
for all Fy,..., Fy such that deg(F}) + --- + deg(Fy) = m + 1. Let Fy,..., F} be
non-constant monomials, such that deg(Fy) + - - - + deg(F)) = m + 1. Suppose
that deg(F7) > 1. Then, there exists G, H € A, two non zero polynomials, with
deg(G) < deg(F)) and deg(H) < deg(F}), such that Fy = GH. Since P is a
k-derivation and in view of the recursion hypothesis, we have that

PF\, Fy,....F| = P|GH, Fy, ..., Fy] =
.

p
=G P[H,
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- - _ , O0H 0F; 0L,
=G Z P[xil,---axik] al.il 01'1'2 8:17%

1<i1,..t.<n
_ _ _, 0G 0F; OFy,
b2, Plz; ... T .
* Z [x ! . k] al’il 0:)3,-2 Ox,k
1<i1,.. 1. <n

O0GH 0F, OFy,
81’2'1 81’2'2 82L’2k
Z _ _ , 0F 0F, OFy

190 L ,
1<iy,...,ig<n 8xll 8x22 8x2k

[Tiyy s Ty |

M
ol

So, we have proved Formula (4.25) for all Fy,..., F, € A. O

Remark 4.15. As a consequence of this proposition, one can see that any skew-
symmetric k-derivation of A comes from a skew-symmetric k-derivation of A. Let
us precise this point. To do that, let us denote by Homz(A®A, A) the space of all
map P € Hom(A®A, A), satifying P(Fy,..., Fy) € Z, if there exists 1 < [ < k,
such that F; € Z. Now, let us point out that the projection map g extends
naturally to a map (also denoted by p)

o : Homz(A®A, A) — Hom(A*A, A),
P — . P

given, for k € N and P € Homz(A*A, A) by:

0 P(F . F) = o(P(RL . ),

for all Fy,...,Fy € A. Moreover, if P € Homz(A*A, A) is a skew-symmetric
k-derivation of A (P € X*(A)), then, p.P € X*(A) is a skew-symmetric k-
derivation of A. The previous Proposition 4.14 says that for any P € X*(A),
skew-symmetric k-derivation of A, we have:

P=p.P (4.26)

where P € X*(A) is the skew-symmetric k-derivation of A, defined, for Fy, ..., F, €
A, by:

8F1 8Fk
P[Fl,...,Fk]Z: Z Pi1 ..... ik A" y
1<ir <. <ip<n Oriy Oy,
with P, ;. € A, a representant of P[z;,,...,7; | € A. (With the help of Propo-
sition 4.14, one can easily verify that P € X*(A) and that P € Homz(AFA, A).)

Proposition 4.14 implies immediately the following

Corollary 4.16. Let A be the algebra of regular functions over an affine vari-
ety M C F™. Then, a skew-symmetric k-derivation of A is totally determined
by its values on the generators of the algebra A. Equivalently, if such a skew-
symmetric k-derivation of A vanishes on the generators, then, it is equal to zero.
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Poisson structure and skew-symmetric multi-derivations of F_,

Now, we will apply what we have seen in the last paragraph to the case that
interests us: the surface F,, in F?, given by a weight homogeneous polynomial ¢,
that admits an isolated singularity at the origin. We adapt the notations of the
previous paragraph to our context. Now, A will denote the polynomial algebra
A :=F[z,y, z]. Let ¢ € A be a weight homogeneous polynomial with an isolated
singularity. We consider the affine variety F, : {¢ = 0} C F? and its algebra of
regular functions

Flz,y, 2]

()

So that, under the notations of the last paragraph, Z is the ideal (¢) and A is
now A,.

Because ¢ is a Casimir, () is a Poisson ideal for (A, {-,-} ) and the Poisson
structure {-,-} ,, restricts naturally to F,,, that is to say goes down to the quotient
A. That leads to a Poisson structure on A, denoted by {-,-}, .

Let us use the same notations than above, where Z is now the ideal (p). We
have the natural projection map

A, =

p: A=A,
F o p(F)=F,

and, for each F, G € A, we have {p(F), p(G)},, = ¢ <{F, G}@) (that is to say,
¢ is a Poisson morphism between A and A,).

In the language of Remark 4.15, the fact that ¢ is a Casimir of {-, -} ,, implies
that {-, '}sa € Hom,) (A*A, A). Thus, according to Remark 4.15, o, {-, '}sa is well-
defined and is an element of X*(A,), which we denote by {-,-} 4,- The Jacobi
identity is satisfied by {-,-} 4 because it is by {-,-} .

In the following proposition, we give the Poisson cohomology spaces of the
Poisson algebra (A, {-,-} 4 ). That leads to consider the skew-symmetric multi-
derivations of the algebra A, and the Poisson coboundary operators, associated to
{-.-}4,- By aslight abuse of notations we will, for an element F=(F,FF) e

A3, denote by (F), the element (p(F)), p(Fy), p(Fs)) € A3

Proposition 4.17. If ¢ € A is weight homogeneous with an isolated singularity,
the Poisson cohomology spaces of the algebra (A, {-, .}Av)’ denoted by H*(A,),
are given by:

Cas(Ap) = HO(A) ~ {o(F) € A, | TF x Vg e ()}

{0(F) e 42| F- Vi e (¢), —V(F- Vo) + Div(F) Vi € () }

HY'(A,) ~ 680
i {o(VF x V) | Fe Al ’
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{o(F) e 421 Fx Vo e (o))

X
H(ASD):{ ( V(F - V) + Div(F )W>|ﬁ€«435ﬁ‘we<¢>}

and H*(A,) ~ {0}.

Subsequently, we denote by Z¥(A,) (respectively B¥(A,)) the space of all k-
cocycles (respectively k-coboundaries) of A,.

Proof. We first have to determine the skew-symmetric multi-derivations of A,.
To do this, we use Proposition 4.14, in the particular case where n = 3, Z = (¢)
and A = A,. Let us first consider the derivations of A,. Let V € X'(A,) be a
derivation of A, and let F = (Fy, Fy, F3) € A? be a triplet of polynomials such
that:
V[z| = F, Vyl=rF, V[z]="F;.

According to Proposition 4.14 and especially Remark 4.15, V € X! (Ay) is given
by the formula:

V=pV
where V € X!(A) is the derivation of A, given by:
3} 0 3}
F—+ F F.
V=higpthg, thig

Moreover, as a well-defined linear map on A, V should satisfy the following
condition:

0 8y 0z
ie.,
_p O, plp 00 &g
V[‘P]—Fla +F28y+F36 =F-Vype(p)

Conversely, for any derivation V € X'(A) of A, satisfying V] € (y), the formula:

V[F] = V[F], for all F € A,

equivalent to:

V = @*V,
defines a derivation V of A. Thus,

X'(Ap) = {p(F) € &L | F -V € ()} (4.27)
With the same reasoning, we obtain

X*(Ay) = {p(F) € AL | F x Vg € ()} (4.28)
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It is clear that X°(A,) ~ A, and X*(A,) ~ {0}, for k > 4, let us now consider
the space X*(A,).

In the same way than above, we get X3(A ) = {p(F) e A, | FVgp € (p >}
However, if F' € A satisfies FVap ® G with G € A3, then we have G x Vgp =0
and Proposition 3.6 (and the exactness of the Koszul complex associated to ¢)
implies the existence of an element H € A satifying G=H ﬁap, so that F' =

Hyp € (p). That leads to
X3(A,) ~ {0} (4.29)

Now, let us consider the Poisson coboundary operators of the Poisson algebra
(Ap {1} 4,), denoted by %, - Let P € X¥(A,) be a skew-symmetry k-derivation
of A,. According to Proposition 4.14 and Remark 4.15, there exists P € X*(A),
such that P = p,P. Using the definition of 512 and the fact that p is a Poisson
morphism between (A, {-,-} ) and (Ag,{-,-}, ), we obtain:

0%, (P) = 8% (p.P) = 0. 65(P),
that is to say, for all Fy,..., F} € A,
k (B\[Q 1 k
04, (P)[Fo, - Fy] = 9 (04(P)[Fo, .., F]) -

Moreover, if, under the isomorphisms (4.27) and (4 28), P is defined by an element
o(F) = F € A,, respectively by a triplet p(F) € A?, then Proposition 4.14
allows us to chose P, defined by F' € A, respectively by F e A3, under the

correspondences given in the paragraph 3.1.1. That leads to:
0%, (9(F) =9 (VFx Vo), for p(F) € A, = XO(A,),
o4, (9(F) = ¢ (~V(F - Vi) + Div(F)Vy),
for p(F) € {p(G) € A3 | G- Vo € ()} ~ X'(A,),
% (p(F)) =0, for p(F) € {p(G) € A3 | G x Vp € (p)} ~ X2(A,),

while the writing of the Poisson cohomology spaces follows. O

Remark 4.18. To prove that X3(A,) ~ {0}, we only used the exactness of the sec-
ond part of the Koszul complex (3.11) which remains true even if ¢ is a square-free
weight homogeneous polynomial, not necessarily with an isolated singularity (See
Remark 3.8). So that, if ¢ € A is a square-free weight homogeneous polynomial,

we still have:
X(A,) ~ {0},

and

H*(A,) ~ {0}.
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We point out that if the condition “square-free” is not satisfied by ¢, then, it is
not true in general that the unique skew-symmetry 3- derivation on A, is ZEro.
For example, let us consider the homogeneous polynomial 2> € A. Then, z-& 8:2 Nor a

is an non zero element of X3(A,2).

4.3.2 The space H°(A,)

In this section, we still consider ¢ € A, a weight homogeneous polynomial, with
an isolated singularity, and the Poisson bracket on A, denoted by {-,-} A, We
describe the zeroth Poisson cohomology space, that is to say the space of the
Casimirs of (Ay, {-,-}4,) in the following proposition.

Proposition 4.19. If ¢ € A = F[z,y, 2] is weight homogeneous with an isolated
singularity, the zeroth Poisson cohomology space of the singular surface defined
by this polynomaial is given by

H°(A,) = Cas(A,) ~F.

Proof. Let F € A be a weight homogeneous polynomial such that p(F) €
H°(A,). Then VFngp € () i.e., there exists G € A? satifying VF x Vo = ¢ G.
It follows that G - Vgp =0 and Proposmon 3.6 (the exactness of the Koszul com-
plex associated to ¢) implies the existence of an element H € A3 such that
G = H x V. Summing up, (VF <pH) x Vi = 0, and we can apply Proposition
3.6 again to obtain a K € A satifying VF = <pH + KVgp Euler’s Formula (3.5)
gives
w(FYF=VF &, = é,+wm(p) K).

So, F € () unless w(F'), the (weighted) degree of F, is zero, thus H°(A,) ~ F.
O

4.3.3 The space H'(A,)

This section is devoted to the determination of the first Poisson cohomology space
of (Ag,{-,}4 ), where p € A = F[z,y, 2] is weight homogeneous with an isolated
singularity.

Remark 4.20. Using Proposition 4.19, we can simplify the writing of Z'(A,). Let
indeed F € A® be an element satisfying: —V (F - V) + Div(F) Vi € (). Then
—V(F - V) x Vo € (o), that is to say p(F - Vi) € H°(A,) ~ F, according
to Proposition 4.19. For degree reasons, this leads to F. ﬁap € (p). So, we can
simply write

2'(A,) = { p(F) € AL | —V(F - Vi) + Div(F) Vg € (o) }
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Now, let us give the main result of this section (we recall that || is the sum
of the weights wy, w9, ws of the variables x,y, z and that the family {u;} is a
weight-homogeneous F-basis of Ag;,, and is defined in Section 3.2.4).

Proposition 4.21. If ¢ € A = F[z,y, 2] is weight homogeneous with an isolated
singularity, then the first Poisson cohomology space of the singular surface F, :

{¢ =0} is given by

HY(A,) ~ Fo(uj€y).
()= () ||

In particular, if w(p) < |w| then H'(A,) ~ {0}.

Proof. Let F € A? satisfy p(ﬁ ) € Z'(A,), it means that there exists K € A3
satisfying 5i(ﬁ) = oK. Then 0 = 5;@[?) = gpéi(l?), because, as we said in
Remark 2.17, the operator 5?0 commutes with the multiplication by ¢. So ¢ K €
B2(A, ) and K € Z%(A, ¢). According to Proposition 3.19,

p—1

K e B*(A,¢)® @ Cas(A, w)ﬁuj

j=1
w(u;)£w ()~ o]

p—1 pu—1
(i) ()~ oo ()= () ||

Each of the first three summands is stable by multiplication by ¢, while Remark

3.21 gives
pn—1

@ oFVu, C B2(A, ).

=1
w(w)=w ()]

As a consequence, since golz' € B2(A, p),

KeBAp)e P FVu

=1
w(w)=w ()|l

So there exist H € A and elements \; € F, with  satisfying w(u;) = @w(g) — |@|,
such that .
p—

K = 530(H) + )\lﬁul.
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For all 1 < [ < pu—1 such that w(y) = w(p) — |@|, we have pVu, =

—0;, (%ul e}), according to Formula (3.23), so that

pn—1
1 _ ! >
0 (F)=pK =0, | pH — ; w(ap)ul €
@ (u)=w(p)—|=|
This implies
p—1 )\
F—oH+ Lwé, € ZYA, ). (4.30)
; @ (o)

@ (u)=w(p)—|w|

o If () # ||, then Proposition 3.14 implies that (4.30) belongs to B*(A, ¢),
so that

oF) e S Fo(ues)+ BUA,)

1=1
@(u)=w(p)—|=|

o If w(yp) = |@| then (4.30) is simply the equation F — pH € Z'(A,p) ~
BY(A, ) + Cas(A, ¢) é-, according to Proposition 3.14. So, we have p(F) €
F ¢(€») + B'(A,). As we have w(y;) > 1, if 1 <[ < p — 1, the result of both
cases can be summarized as follows:

pn—1
PANCBA) Y Folut)
()= ()]
Euler’s Formula (3.5) (or Formula (3.23)) implies that p(wéy) € Z'(A,)
(05 (w1 €x) € (), when w(u;) = w(p) — |w|, so that the other inclusion holds
too. It also allows us to show that the above sum is a direct one. Hence the result
about H'(A,). O

4.3.4 The space H?*(A,)

We now compute the second Poisson cohomology space of (Ag, {-,} 4 ), where
¢ € A= Flz,y, 2] is weight homogeneous with an isolated singularity. We recall
that o is the natural projection map, p : A — A, = Fz,y, 2]/ ().

Proposition 4.22. If ¢ € A = F[z,y, 2] is weight homogeneous with an isolated
singularity, then H*(A,) is given by
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Remark 4.23. 1t follows from Propositions 4.21 and 4.22 that there is a natural
isomorphism between H'(A,) and H?*(A,), that maps the element u; €, (with

w(u;) = w(p) — |w|) to the element u; Ve of H%*(A,).

Proof. First, we show that the family {p(ujﬁ@ | w(u;) = w(p) — \w\} gener-

ates the F-vector space H2(A,). Let H € A% such that p(H) € Z2(A,), that is
to say, such that there exists G e A3 satistying | H x §<p = goé. According to
Remark 3.7, we may suppose H € X2(A), and G € %1(A)d, with d € Z. Since
G- V(p = 0, Proposition 3.6 implies that G =K x V(p and H = goK + FVgo,
with F' € %3(./4)65_@@ and K € %2(.4) d—w(p)-

If d < w(p)—|w| then F = 0 and H € (p); otherwise p(H) = p(FV), while,
using Formulas (3.5) and (3.6), we get

0,(Fés) = (d—2w(p) + 2|w|) FVy — w(p) oV F.

That leads, in the case d # 2(w(p) — |@|), to p(H) = p(FVy) € B*(A,).
Therefore, let us suppose that d = 2(w(y) — |w]), so that w(F) = w(p) — |=|.
For degree reasons, the projection map A — Ag;py = A/ (22 o g“;, g—“”> restricts to
an injective map Ag(p)—jw| — Asing, 50 that F' is a F-linear combination of the

u; satistying w(u;) = w(p) — |w|, that leads to

pn—1

p(H)e > FpuVe),

3=0
w(uj)==(p)—|=]

and for all j, u; Vo € Z%(A,).

It suffices now to show that this family is F-free, modulo B%*(A,). It is empty
if w(p) < |w|, so we suppose w(p) > |w|. Let \; be elements of F with j such
that w(u;) = w(p) — |w| and let L,J € A satisfying

pn—1
Z AV =—V(L- V) + Div(L)Ve + oJ
w(uy) ()] (431)
=0,(L) + ¢,

where the right hand side is an arbitrary representative of an element of B*(A,).
As the left hand side belongs to the space %2(./4)2@(@)_2\@, we may suppose that

L ex! (.A) — || and J € Xx? (A)w(¢)_2|w‘.

The equatlon (4.31) implies V(L - V) x Vi € (), so that p(f : 6@) €
Cas(A,). For degree reasons, PropoEiticin 4.19 leads to the ezdstence of G €
A of degree w(p) — |w| such that L - Vp = oG = (Géy - Vo)/w(p). Then
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Proposition 3.6 and the exactness of the Koszul complex imply that w(p) L
Gé and §}(L) = —pVG, so that

pn—1
Z )\jujﬁap = —@ﬁG + gpj: gpﬁ, (4.32)
;)= ()~ ]
where F = —VG + J € X?(A) w(e)—21w|- We get F x ﬁgp = 0, but for degree
reasons, Proposition 3.6 leads to F =0so that, for all j, A; = 0, since the family
{u;} if F-free in A. Hence the result. O

4.4 Homology of the singular surface F,

4.4.1 The Poisson homology complex of F_,

Now, let us determine the Poisson homology complex of the singular surface F,.
For the quotient algebra A, = F[z,y, 2]/(p), the space 2°(A,) is obtained by
subjecting the Ag,-module generated by the wedge products of dz,dy,dz to the
relations ¢ = 0, dp = 0 and dp A dz = 0, etc. We recall the natural surjective map
©: A— A, which is a Poisson morphism. This map induces another surjective
map @ : 2¥(A) — 2%(A,) between the spaces of all k-chains, which allows us to
see the differential k-forms of A, as images of differential k-forms of A. Thus, as
the differential forms of A are identified to elements of A or A3, as can be seen
in (3.31), we can write the spaces of all differential k-forms of A, as quotients of
A, and A? and then as quotients of A and .A%. We obtain, while £2°(A,) ~ A,,

Af’o A3
T {FVg | Fe Al {FVo+¢G|FeA GeAY}
A3 3
P(A) ~ — —— ~ — - 4 ——— ,
{Vox F|FeA3} {VoxF+oG|F,Ge A3}
A, A
~ — ~ = Aging-
(Vo -F|Fea} [0p 0p 0p
ox’ Oy’ 0z

2(A,)

2%(Ay)

Remark 4.24. Unlike for A, there is no isomorphisms between the spaces of skew-
symmetric multi-derivations and differential forms on A,,. For example, 2°(A,) ~
A, while X*(A,) ~ {0} and X*(A,) C A2. Observe also that 2°(A,) # {0},
although F,, is an affine variety of dimension two.

In view of the definition of the boundary operator in Paragraph 2.2.2; the oper-
ator 07 induces an operator £2%(A,) — 2*71(A,), that is exactly the boundary
operator associated to (Ay,{-,-}, ) and denoted by 8,;4*”, so that the Poisson
homology spaces of A, are given by
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HolA,) = A
T Ve (VX F)+ 0G| Ge A Fe A}

YT {—V(F V) +Div(F) Vo + GV +oH | Ge A F, H e A%}
_A{F e A*| -V(F - Vy) + Div(F) Vyp € T,,}
B {ﬁwxﬁ+w[¥|ﬁ,l€€A3}

where Z,, := {FVo+ G| FeAG e A%},

)

H2(~As0>

H3 (.A@) ~ Asmg.

Remark 4.25. In view of the writing of the Poisson homology groups of A and
A, we can describe explicitly the map induced by @ between these groups. In
fact, this map is exactly the reduction modulo ¢ between the spaces Hy (A, ¢) and
Hy(Ay), for k # 1, and it is the reduction modulo Z,, for & = 1. This phenomenon
will be illustrated in the determination of the Poisson homology groups of A,,.

4.4.2 The Poisson homology spaces of the singular surface F,

In this Paragraph, ¢ € A = F|x,y, 2] is still weight homogeneous with an isolated
singularity and we determine the Poisson homology spaces of the Poisson surface

(Fer {3,

Proposition 4.26. If ¢ € A is weight homogeneous with an isolated singularity,
then the homology spaces of the singular surface F, are given by:

—_

pn—1 p—
Hy(Ay) ~ @D Fuj ~ Ay, Hi(A,) ~ P FVu,,
Jj=0 1

<.
Il

pn—1
Hy(A,) ~ P Fu; & o Aging.

J=0

Remark 4.27. The fact that Hy(A,) >~ Aging was already proved by J. Alev and
T. Lambre, with other methods, in [2]. Their result is more general as they only
suppose that ¢ is a weight homogeneous polynomial, not necessarily with an
isolated singularity.

Remark 4.28. The multiplication by €, gives a natur_@l isomorphism between
Hy(A,) and Hy(A,), while the operator of gradient V gives a surjective map
from Hy(A,) to Hi(A,).

Proof. 1. We first determine Hy(A,). According to Proposition 3.16 (i.e., the
writing of H?(A, ¢)), we have:
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pn—1
A={Vyo - (Vx F)|Fe A} +> Fyu,
N
p—1
={Vo- (VxF)+¢G|GeAF c A+ EFu;
7=0

Moreover this last sum is a direct one, as follows from the definition of the u; (in
Section 3.2.4) and the inclusion

{%-(6xﬁ)+ng|GeA,ﬁeA3}g<8@ 9p 8“‘)>

ox’ Oy’ 0z

easily obtained with Euler’s Formula (3.5). That leads to Hy(.A @ Fu,.

2. Now, we use the result we obtained for H?(A, ¢) to determme the first
Poisson homology space of A,. Let F € A3 satisfying Vo - (V x F) € (), thus,
there exists G € A with —5i(ﬁ) = Ve (VxF)=¢G.

According to Proposition 3.16, G € B3(A, ) ® @5_3 Cas(A, p) u;. As both
of the summands of this sum are stable by multiplication by ¢ and because
oG € B3(A ©), we have G € B3(A ), ie. there exists K € A® satisfying
G =Vy-(VxK). Thus, ' — oK € Z2(A, ¢) together with Proposition 3.19
imply that

p—1
Fe) FVu+{0L(L)+GVe+pH|Ge ALHe A},
j=1
so that {Vu, | 1 < j < pu— 1} generates the F-vector space Hy(A,) and it suf-
fices to prove that ﬁul, e ﬁuﬂ_l are linearly independent elements of H;(A,).

Assume therefore that there exist elements \; of F (1 < j < pu—1), K,LeA?
and G € A such that

pn—1
)\jﬁuj = —ﬁ(f, . ﬁgo) + Div(f) ﬁgo + Gﬁgo + goﬁ.
1

j=

Then, as the u; are weight homogeneous, Euler’s Formula (3.5) leads to

pn—1

do dp 0O
Z)\jw(uj)uj = <(‘9—i’ a—z, 8_i>
j=1

and the definition of the u; implies A\; =0, for 1 < j < p — 1.
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3. Finally, we compute the second Poisson homology space of A,,. Let FeA
satisfying 5}0(15) € T,, i.e. there exist L € A, G € A% such that 5;(ﬁ) = LVp +
0G.

e Let us study the term go@ We first point out that Lﬁgp e Z*(A, ), so
that ¢ G = §'(F) — LV € Z2(A, ¢) and G € Z%(A, ¢). Using Proposition 3.19,
Formula (3.23) and the fact that §), commutes with ¢, we obtain the existence of
H € A? and ¢; € F, such that:

pn—1
G ed, | vH+ > Cjllj €
j=1
@ (uj)=w(¢) || (4.33)
p—1 p—1
+ @ Cas(A, p)Vu; & @ Cas(A, p)u; Vo,
;) m(o)-I] ;)=o) I]

_ o Next, we consider the term Lﬁap. According to Proposition 3.16, thefe exists
K € A® such that —L € 67(K) + Cas(A, ¢) ®r Asing. The equality —02(K) Vo =
5;([? x Vi) and Formula (3.23) lead to:

pn—1

Vo edl | KxVo+ > Ciués

j=0
@ (uy) () -] (4.34)
p—1 p—1
+ @ Cas(A, p)Vu,; & @ Cas(A, p)u; Ve,
() e () ] ()=o) Ioo]

where C; € Cas(A, ¢).

The equalities (4.33) and (4.34) give:

pn—1 pn—1
5; ﬁ—g@[’_j— CjUjé)w—[?Xﬁtp— Z CjUjgw
— —
@ (ug) = ()~ || @ (uy) ()~ ||
p—1 pu—1
€ @ Cas(A, ¢)Vu; & @ Cas(A, ¢)u; V.
o (uy) o)~ |oo] o (uy)=e()— o]

Using Proposition 3.19 once more, we obtain
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p—1 pu—1
F—oH-— cjujé’w—l?xﬁw— Z Cijujém € Z' (A, ).
()= () o] () () o]

It suffices now to use Proposition 3.14 (the writing of H'(A, ¢)) to conclude that

pn—1
Fed Fujéo+{VoxJ+oL|J Le A}

=0

Finally, using Euler’s Formula (3.5) and the definition of the u;, it is easy the see
that this sum is a direct one in A®. Hence the result for Hy(A,). O

Remark 4.29 (Modular derivation). The Poisson variety A, that we have studied
in this section is not a polynomial algebra F|xy, ..., z,], so that we can not apply
the reasoning we have done in Section 2.2.3, we can not talk about modular
derivation of the Poisson surface (Fy, {-,-} ), because we have no volume form
on F,. We can only observ the results that we have obtained for the Poisson
cohomology and homology spaces and see that there are no duality between these
spaces.
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Mathieu-Poisson homology

In [42], O. Mathieu has introduced, for any Poisson manifold, a homology with
parameter. In this Chapter, we apply this definition to the case of an affine Poisson
variety, see some interesting properties of this Mathieu-Poisson homology and
determine it for the Poisson varieties we have studied in the previous chapters:
(F2, {1, (F2 {, 1Y) and (F,, {-, }a,)- We will also compare the Mathieu-
Poisson homology with the “classical” Poisson homology in these cases.

5.1 A homology with parameter

Let (M,m = {-,-}) be an affine Poisson variety and let A be its algebra of
regular functions. In order to simplify the notations, we denote also by 7 the
Poisson bracket {-, -}. We recall from Paragraph 2.2.2, that the “classical” Poisson
homology complex of such a variety is defined as follows. The space of k-chains
is the space of all Kahler differential k-forms of A = F(M) and it is denoted
by 2%(A), while the boundary operator, 9f, or simply 0 : 28(A) — Q2F71(A),
called the Brylinsky or Koszul differential, is given by:

k
Ou(FodFyL A+ NdF) = > (=1 {Fy, i} dFy A~ AdF; AL A dF,

i=1 (5.1)
+ Y (CU)VEd{F, FY AdFy A AdFy A A A - A,

1<i<j<k

where the symbol d/Z;, means that we omit the term dF;. We have seen in Propo-
sition 2.24, that an other way to write this operator is the following:

Ok = [tr,d] =1, 0d —d o, (5.2)

where [, -] is the graded commutator of graded linear maps.
In his article “Homologies associated with Poisson structures” [42], O. Mathieu
defines a one parameter family of operators (9f : 2%(A) — 28 1(A)),cp with:

N =(T+k)iyod—(7+k+1)dou,]|. (5.3)
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Proposition 5.1. For each 7 € F and for all k € N, we have
O ©9gyq =0,

so that 0" : 2°(A) — 2°7(A) is a boundary operator.

Proof. This proof is the one given by O. Mathieu in [42]. Let us denote by © the
operator © := —dodo1,. (In the following, in order to simplify the notations, we

[P

will sometimes omit the composition low “o”.) By computing 0f o Jf,, appear
the operators di,di,, 1,de,d and di2,d. We now want to express each of them, in
terms of ©. First, it is clear that

didi, = —0di, = O,
then, using the properties of Proposition 2.24, we obtain:
1,dtd = 1,d0 = —01,d = —90 — Odr, = O.
Finally, with the help of the two last equalities, we have
diri,d = —0id + 1,di,d = 26.
Now, it is easy to obtain

O o0 =(T+k)(T+E+1)1did — (7 +k+ 1) die,d

+ (T +k+1)(7+k+2)dipde,
=((t+k)(r+k+1)—2(r+k+1)°+(7+k+1)(r+k+2)) O
0

and 07 is a boundary operator. 0O

We will call the operator 0" the Mathieu-Poisson boundary operator and the
corresponding homology is called the Mathieu-Poisson homology, or the MP-
homology.

Remark 5.2. Let us consider, for all 7 € F* and k € N, the operator f@z C F(A) —
QF=1(A), given by

55287 <1+§)de—<1+k:1)dzﬂ,

which is also a boundary operator. For any value of 7 € F*, J[ and 0] have
the same cycles and the same boundaries, hence they define the same homology.
When 7 tends to infinity, J] tends to 0, so that, after normalization, J; can be
seen as the limit of the operators Jf, for 7 — oo.




5.2 Some properties of MP-Homology 103

5.2 Some properties of MP-Homology

In this paragraph, we will give some properties of the MP-homology. In fact, we
will point out some similarities and some differences between the classical Poisson
homology and the MP-homology.

First, let us point out a difference between these notions.

Proposition 5.3. Let (M, 7 = {-,-}) be a Poisson variety. Contrary to the case
of classical Poisson boundary operator, the MP-boundary operator does not com-
mute with the multiplication by a Casimir of (M, {-,-}), instead, for ¢ a Casimir
and w € 2°(M),

I (pw) =d w—dp A 1,w.

Proof. Let (M,m = {-,-}) be an affine Poisson variety and let ¢ € F(M) be
a Casimir for the Poisson bracket {-,-}, also denoted by m. Then, by definition
of the inner product (See Paragraph 2.2.2), we have 2,7 = 0 and, according to
Formula (2.23),

1r(dp Aw) = dp A tpw.

So that, for all w € 2%(M) (k € N), the MP-boundary operator gives:

N(pw)=(T+k)iyod(pw)—(T+k+1)do, (pw)
=(T+k) iy (dpAw)+ (T + k) @1, 0dw
—(T+k+1)dpANizw—(T+k+1) pdorw
= 0w —dp AW,

hence the result. O

It follows that the spaces of k-cycles and k-boundaries are not modules over the
Casimirs. We will see in Section 5.3 that, in general, the MP-homology spaces
are also not modules over the Casimirs.

As we have seen in Remark 2.21, the classical Poisson homology is a contravari-
ant functor. We have the same result for the MP-homology. We have indeed seen
in this remark, that, for any morphism of affine Poisson varieties ¢ : (M, m) —
(My, 7o), the dual map ¢* : F(My) — F(M;) and its extension 2°(¢*) :
(2°(F(My)) — £2°(F(M,;)) commutes with d and 2°(¢*) 0tr, = 15, 02°(¢*). This
implies that £2°(¢*) 0 07, = 97, 0 2°(p*) and H] (") : H](My, m3) — H] (M, m)
is a homomorphism of graded vector spaces. Thus we have obtained the following:

Proposition 5.4. The MP-homology is a contravariant functor between the cat-
egory of affine Poisson varieties and the category of graded vector spaces.

Finally, we point out that in his article [42], O. Mathieu shows that, for generic
values of the parameter 7, the MP-homology of a symplectic manifold is isomor-
phic to its classical Poisson homology.
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5.3 MP-homology of the Poisson variety (F*,{-,-} )

Now, we want to consider the MP-homology of the Poisson variety (F3, {-, -}@),
where we recall that, for ¢ € A :=F[z,y, 2],
_O0p 0 0 O0p O 0 Op 0 O

We have indeed seen in Paragraph 2.1.3 that, for any ¢ € A, the bracket {-, -}gJ is
a Poisson structure on F3. In Section 3.2, we have computed the classical Poisson
homology of (F3,{-, ‘},), for ¢ € A, a weight homogeneous polynomial with an
isolated singularity (at the origin). Our purpose, in this section, is to determine
the MP-homology of these Poisson varieties, for generic values of the parameter 7.
We will be inspired by Paragraphes 3.1.1 and 3.1.2, identifying the spaces

DPA) = P (A~ A A ~ 2P (A) ~ A

and using the notations of vector calculus in R?, adapted to .A3: elements of
A3~ M A) ~ 2%(A) will be denoted with an arrow, like F € 2'(A), or F €
2?(A). We will use the inner and the cross products - and x and the gradient,
the curl and the divergence operators 6, Vx and Div. Then, we write the MP-
boundary operator in terms of A and A®. For example, for F = (Fy, Fy, F3) €
A3~ QHA), ie., F = Fidz + Fody + Fydz, we have o (F) = 0, so that, 97 (F) =
(74 1)1,d (Fidz + Fody + F3dz), and

1xd (Fidz + Fody + F3dz)
:zw<(% —%) dy ANdz + (@ —%) dz Adx
2z

0z ox
0F, O0F;
+ <% —a—y) dx/\dy)

_ (0Fy 0OF, OF,  OF;
- (a—y E) et (E %) ek,

dy 0z ) Ox 0z oxr ) Oy ox dy ) 0z

(OO (90 ORY 02 (96, OR) o
ﬁw(ﬁxﬁ).

By doing an analogous reasoning for 9] and Jj, we can write:
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I (F) =0, for F e A~ 2°A),
OT(F)=(r+1DVe-(VxF), forFeA~Q(A),
O(F) = (14 2)Div(F)Ve — (1 +3) V(F - V), (5.5)
for F e A% ~ 2%(A),
O(F)=—(r+4)VF x Ve, for Fe A~ DA,
while, for the classical Poisson homology, we recall that, according to (3.33) and

(3.14), the boundary operator dy, associated to the Poisson variety (F3, {-, '}so)
is of the following form:

Oy(F) =0, for F e A~ 2°(A),
H(F)=Vp-(VxF), forFeA®~0\(A),
O(F ) =Div(F)Vp —V(F-Vy), for Fe A3~ 22(A),
O3(F)=—VF x Vo, for Fe A~ 23A).
We denote by B](A,y) = Im(9],,), the space of all i-boundaries and by

ZT(A,p) = kerd7, the space of all i-cycles. The MP-homology spaces of the
Poisson variety (F?, {-,-} ,) take the following forms

A

HT(Av(p): - - = = ’
’ {F+ 1)V (Vx F)| Feal

x F)=0
ﬁ%nﬁeﬁ}

{ﬁ€A3|(T+1)§<p-

(
HI (A, p) ~ —= =
(1+2) Div(F)Veo — (1+3)V

Y

{
{

HI(A, @)~

)

Fe A | (r+2) Div(F)Vy — (7 +3) V(F - Vi) = 0}
{(7+4)6F><W|F6A

Hg(A,w)z{F€A| (7‘+4)§F><§g0:5}.

For generic values of 7 (i.e., 7 # —1,—4), these formulas simplify to:
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Hg(Aa ()0) = - > /}» — HO(A> SO)
{ P (V><F)|F€A3}
A {ﬁeAﬂw.(ﬁx ) = 0
[ (A @)~ — e - ;
' {(7+2) Div(F)Vy = (7 4+ 3) V(F- Vi) | F e A}
{ﬁ € A3 | (7 +2) Div(F)WVWep — (1 +3) V(F - V) = 6}
HI (A, ) ~ :

{6F><6g0 | FGA}
Hg(A,@:{FGA\ﬁFX ﬁapzﬁ} ~ H3(A, p),

so that, for 7 # —1,—4, we have already obtained (See Paragraphes 3.2.2
and 3.2.4),

H3(A, @) = Hy(A, ¢) = Cas(A, @) ~ P F¢',

€N
Hg(Av @) = HO(A7 4,0) = C&S(.A, @) QF Asing7

where we recall that
Flz,y, 2]
(52,92 92)

Asing =
ox’ dy’ 0z
is the singular algebra associated to ¢ (See Paragraph 2.3.2). In Paragraph 2.3.2,
we have seen that saying that ¢ is weight homogeneous, with an isolated singu-
larity, is equivalent to saying that A;,,, viewed as a F-vector space is of finite
dimension, denoted by p (the Milnor number of the singularity).

We will use the results and the methods of Chapter 3, where we have studied
the Poisson cohomology of the Poisson variety (F*, {-,-} ), to determine the
MP-homology spaces H{ (A, ) and H] (A, p), for generic values of 7, i.e., for
T ¢ {—1,-2,-3,—4}. We first need the following:

Lemma 5.5. Forr € N and j =0,...,u—1,

05 (¢"usé) = (7 + 2)(w (u;) — (@(p) Dy = [@]) ¢"u;Vip

5.6
—(1 4+ 3)w(p) <pr+1§uj. (56)

In particular, denoting by DL, for all r € N, the element D! := 5 T1eF,

ifr > 1 and w(u;) = w(p) DL — |@|, then "Vu,; € BI(A, ).

Moreover, for j =0 and r € N, we obtain:
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05 (¢"8) = —(1 + 2)(@(p) Dy — |w]) ¢"Vip, (5.7)
while, forr =0 and j > 0,
05 (1;8) = (1 +2)(@(uy) + [w]) = (7 + 3)w()) u; Ve (5.8)
—(7 4 3)w(y) Vu;.

Proof. Letr e Nand j =0,...,u—1,

= -

05 (¢"uj€s) = —(1 + 3)w(p) V(" uy) + (7 + 2) Div(p"u;és) Vi
= (1 +3)w(p) V(¢ ) + (7 + 2)(@(@)r + @ (uy) + @) ¢"u; Ve
= (~(r+3)@(P)(r + 1) + (r + 2)(@(P)r + w(uy) + |])) ¢"u; Ve
—(7+3)@(p) ¢V
= (—@(p)(r +7+3) + (1 + 2)(@(w)) + [@])) ¢"u; Ve
—(7+3)@(p) 9" Vu,
= (7 +2)(w(w;) — (@w(p) Dit! = @) " u; Vg
—(1+3)m(p) "'V,
hence the result. O

We now have the:

Proposition 5.6. Let ¢ € A = F|x,y,z| be a weight homogeneous polyno-
mial with an isolated singularity. As in Paragraph 3.2.4, we denote by uy =
L, ...,uu—1 € A a family of weight homogeneous polynomials of A, such that
their projections in Aging give a F-basis of this F-vector space.

For m € F\ {—1,-2,-3,—4}, the first MP-homology space H](A, ) of the
Poisson variety (F°,{-,-} ) is given by:

p—1 pu—1
HA9~® D  Feed D Fouve
reN j=1 reN j=0
w(ug)#w(p) Dy —|=| w(uj)=w () DiH oo
pn—1

e, @ Fﬁu]',

j=1
w(u;)=w ()~ o]

where, for all v € N, DI denotes, D} := r +1ekF.

(T+2)
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Remark 5.7. Notice that, if 7 tends to oo, then the condition w(u;) = w(p) DI —
|ww| tends to w(u;) = w(p) — |w| and is independent of the r, so that, according
to Proposition 3.19 and Proposition 3.23, the Proposition 5.6 holds for 7 — oo,
if we see the classical operator as the limit operator J¢° (See Remark 5.2).

Proof. This proof is an adapted copy of the one of the determination of the Poisson
cohomology space H?(A, ) in Proposition 3.19. Let 7 € F \ {-1, -2, -3, —4}.
First, we will show that:

pn—1
Z7(A,0) C B (A @)+ Y. Fe'Vy,

reN j=1
w(us) £ (@) DE |l -~ 59)
+) Z FouNVe + Y FVu,.
" ey =) DFH | ()= ()]

Let F € A3, satisfying the cocycle condition: ﬁgo . (ﬁ x F ) = 0. Then, according
to Corollary 3.9, there exist G, H € A such that

F=VG+HVop. (5.10)

We point out that, because T € F \ {~2,-3}, for all L € A, the two elements
V(97(L)) and 97 (L ) Vi are in BI(A, ¢), as we have:

VO =+ )9 ((Fx L) Fo) :—:;a; (¥xL).

and:
OT(L )V = (1 +1) (W- (ﬁ X E)) Vo= (r+1) (Div (Ex %)) Vi

Ti;@ (Lxﬁcp).

Moreover, the writing of H7 (A, ) permits us to write (with L, K € A%):

pn—1
Gedj(L)+ > Cas(Ap;, Hed(K —l—ZCas )uj,
7j=1
thus, we obtain:
p—1 p—1
FeBl(A p) + Z Cas(A, p)Vu, + Z Cas(A, p)u; Ve
= = (5.11)

€ B{ (A, p) + Z Z Fo'Vu, + Z Z Fo'u; Ve,

reN j=1 reN j=0



5.3 MP-homology of the Poisson variety (F*, {-, 1) 109
so that:
pn—1 pn—1
Z{(A0) CBI(A @)+ D Fo'Vu+ 3 > Fo'ujVe
reN j=1 reN j=0

Now, we use Lemma 5.5, to obtain the desired inclusion (5.9). According
to Equation (5.6), if w(u;) # w(p)DItt — |w|, then, Fp'u;Vep € BT(A,¢) +
Fyo'+t1Vu;, so that we have:

pn—1 pn—1
Z7(A @) CBI(A )+ Y Y Fe'Vu;+ > Fo'u; Vi
reN j=1 reN j=0

w(uj)=w () Dy —|eo|

moreover, if 7 > 0 and w(u;) = w(p) D} — |w|, then ¢"Vu; € B7(A, ¢), so that
we obtain:

pn—1
reN =
w(uméw(qa) || ()= () DO 53]
+ Z Z Fo'u; V.
reN

@ (uj)=w ()DT+1 =l

Finally, by pointing out that D? = 1, we obtain the decomposition (5.9).

Now, it is clear that we have the other inclusion, and it remains to show that
this sum is a direct one, modulo B (A, ¢).

For this purpose, let us consider some elements of F: (A;, 7,4, 0:%), for 1 <j <
p — 1 such that w(u;) = w(y) — |w|, (i,k) € N x{0,...,p— 1}, with w(uy) =
w(p) D — |wl, (r,1) € N x {1,...,u — 1}, such that @(u;) # w(¢)D" — |=|
and an element H € A3 satisfying the equation in 2'(A) ~ A3:

Z Z Y, P Vul + Z Z i ke @iukﬁcp

Z i>0
W(uz)#W( )D* || w(ug)=w ()D”l ||

pn—1
+ Y N Vu=05(H) = —(r +3)V(H - Vo) + (1 +2) Div(H) Ve
(we consider only finite sums, as, for ¢ and r great, 7,; = 0, = 0). Taking

the inner product of this equality with the Euler derivation €, the definition of
the u;, leads to 79, = 0, for all [, and \; = 0, for all j. We so obtain:
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p—1
Z Z Yrl @ vul + Z 5i,k QOZUkVQO
2 >0 k=0
W(Uz#W( )D* |l w(ug)=w(p) D ||

(
= 00 (H) = —(r +3)V(H - V) + (1 + 2) Div(H) Ve,
that we write as follows:
Z Z You @ w + (7 + 3) H- 6@ = Hﬁap, (5.12)

r>1
W(UL)#W( ) 7=l

where
pn—1
Hi=Y >, e
r>1 =1
w(u)#w (p) D —|w|
pn—1
— dik 'ur + (1 +2) Div(H).
i>0 =0

k
@ (up)=w(p) D7 ||

Moreover, the Equation (5.12) leads to the fact that the element

Z Z Ve @ w + (T + 3) H - ﬁap
W(Uz)#w( ) 7 —|=|

is a Casimir of (F?,{-,-} ), so that, according to Proposition 3.11, there exist
some elements c,, s > 1, satisfying:

Z Z Yoa u+ (T +3)H -V = ch ©°. (5.13)

r>1 s>1
W(UL)#W( ) 7=l

That leads to:

e
(T + 3) H- V(p = CSQPS - Z Z 7r,l¢rul
>1

s r>1

=1
w(w)#w (@) Dy ~|oo]

P EGIRY Z =i e ] Ve

s>1 SO r>1
W(uz#ww —|=|

The exactness of the Koszul complex (See Proposition 3.5) gives the existence of
an element K € A% such that:
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(r+3)H = Z w( Z Z ;{;)apr_lul én+ K x V.

s>1 r>1
(uz)sﬁW(sD)D’ ||

That permits us to compute:

(r+3) Diviil ) = 3 2 (@(@)(s = 1) + [}

= w(¥)

> Z 5 F@ =) + @) + =) ¢
= o (u) () D o]

+(V x K)-Ve.

Then, Equations above (5.12) and (5.13) imply:

pn—1

doseet =0 3 rwmd
s>1 r>1 =1
@ (w)#@ () D5 — ||

- Z Z 5i,k @iuk

>0
o (uwy) = () D [

(1+2) Cs B SN
e O R
(

T 2) S T w r— w(u @) " tu
(T+3); Y SR D)+l ¢
B (m)s*éW(SD)D’ ||
(T+2) = = <
+ (T+3)(V x K) -V,

that is to say:

(T+2) (1 +2

~—

R Ty VY
_ ¢s (1+2) s oo i
_;w(gp) ) FOD +; Z §ik ¢
(“k)_w(4P)Dl+1_‘w|
Tyl — r o r—lul
i) — = ()D] +|wl) ¢

W(UL)#W( ) 7ol
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Csa1 \T 2 S+1 ;
:wagfi?j( (D =) & + 2 Z O '

s>0 i>0
(uzg)—w(so)DZ+1 ||

—w(p) D + @) v

W(uz#W(@D’H—IW\

pn—1
€ @ Cas(A, @) u;
j=0

The writing of HJ (A, ¢) leads exactly to the conclusion that the constants ~,
and 0, ; are equal to zero, so that the sum in (5.12) is a direct one. O

In the next Chapter, where we study the formal deformations of the Poisson struc-
tures of the form {-, '}so’ we will need to obtain an other F-basis of the second
Poisson cohomology space H?(A, ¢), which is isomorphic to the first Poisson ho-
mology space Hi(A, p). We now will give an other F-basis of the space HY (A, ¢),
which will be analogous to the second F-basis of H?*(A, ), that will appear in
Proposition 6.10.

Proposition 5.8. Suppose 7 € F \ {—1,—-2,—3,—4}. The MP-homology space
HT (A, ), which has been computed in Proposition 5.6, can also be written as:

H{(A o)~ P FeuVe o @Fvuk, (5.14)

reN je&z(r)
where q, denotes q, .= —— € F and where
T+2

| - 1 _
g;(r):: {07"'7M_1}7 Zf W((p)_((r+1)q7+1)| |7

{1,...,p— 1}, otherwise.

Remark 5.9. Notice that, for 7 € F, if there exists ry € N, satifying the equality

1
then r¢ is unique, i.e., for any r € N\ {ro}, then w(p) # (m) | |.

According to Proposition 5.8, we then can also write the space HT (A, p), as
follows
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pn—1
H (A, p) @Cas u]Vgo @ @FVuk
k=1
0T : 1
Fo*Ve, if w(p) = O =],
S
. 1
{0}, if w(p) # <m> ||, for any r € N.

Moreover, it is clear that if 7 tends to infinity in the condition w(p) =
1

so that, we will see in Proposition 6.10 that Proposition 5.8 holds for 7 — oo (if
we see the operator 0p° as the classical operator, according to Remark 5.2).

] ||, we obtain the condition w(p) = |w| that is independent of r,

Remark 5.10. By writing the equality obtained in (5.6), in the particular case of
Jj =0 (i.e. u; = 1), we obtain:

5 (9"€) = (—w(9)(r + 7 +3) + (7 + 2)|=]) ¢V (5.15)
and 1
if w(p) # G @], then ¢"Vy € Bi(A, ¢).
Finally, notice that this condition is satisfied as soon as 7 is irrational, as
1 w(p)(r+1)
wip) = w = T=-——2.
W e+ ™ - =)

Proof. The beginning of this proof is exactly the beginning of the proof of Propo-
sition 5.6. Let us suppose that 7 € F\{—1, -2, —3, —4} and let F e A3 satisfying
the 1-cycle condition: ﬁgp . (ﬁ x F ) = 0. Then, according to Corollary 3.9, we
have that there exist G, H € A such that

F=VG+ HVop. (5.16)
Moreover, the writing of H7 (A, ) permits us to write (with L, K € A%):

pn—1
Gedl(L +ZCasA<p)u], H e o[ (K —i—ZCas

7=1

We recall that, because T & {—2, —3}, the two elements V(6¢(L )) and 67(K ) Vi
are in B] (A, ¢), as we have:

VL) = (r+ )V ((Vx L) Vo) =~ T2 a5 (¥ L),

and:
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6K )Vo=(r+1) (Vo (Vx & )) Vo=(r+1) (Div(E x Vp)) Vo

7+1 ( )
x V
T 4+2

Thus, we obtain:

pn—1 pn—1
FeBI(A )+ Z Cas(A, p)Vu, + Z Cas(A, p)u; Ve
= = (5.17)

€ BT (A, p) + Z Z F@Tﬁuj + Z Z Fgorujﬁw.

reN j=1 reN j=0

Moreover, as 7 # —3, Lemma 5.5 allows us to say that, for 1 < j < pu—1
and for all i € N, we have ¢/*'Vu; € B](A, ¢) + F ¢'u;Ve, and, according to
Formula (5.7), ¢"V € B (A, @), as soon as w(p) # |@|/((r + )¢, + 1), i.c. as
soon as 0 ¢ £7(r), so that (5.17) leads to:

ZT(A, ) C BI(A, ¢) + Z FVu; +> > Fo'uVe,

reN je£(r)

where E7(r) is defined above.

Now, we have to prove that this sum is a direct one. To do this, let us consider
a weight homogeneous non zero element He A3 ~ 2%(A) and some elements
cryary € Ffor 1 <k <p—1,7€Nandje E(r) and let us suppose that we
have the equation:

+chVuk+Z Z amapu]VQO—O (5.18)

T’ENJEST

with 95 (H) = —(1+3) V(H -V)+ (7 +2) Div(ﬁ)ﬁgp. We take the inner product
with €, in the equation (5.18) and the Euler Formula (3.5) leads to:

According to the definition of the wuy, this fact leads to ¢, = 0, for all £ between
1 and p — 1. Then, we have obtained:

—(r+3)V(H Vo) + (1 +2)DivH)Ve + Y > a; ¢"u;V =0. (5.19)

reN je&z(r)

We have supposed that 7 # —3, so that this above equation leads to ﬁ(ﬁ . ﬁw) X
Ve = 0, that is to say, H - Vo € Cas(A, ¢) and this is a weight homogeneous
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element, so there exists ¢ € F and ¢« € N, such that H- ﬁgp = ¢!, According
to the exactness of the Koszul complex (Proposition 3.5), there exists a G € A3
such that:

j e, + G x Vo,
@(p)

and then, Equation (5.19) becomes:

P C .-
B 1) N : ;
(7 +3)e(i+ 1) Vo + (r+2) (S (o) + ) ) o' Voo
+(r+2) (Vo (Vx Q) Vo+ > Z ar; ¢"u;Vip =0,
reNjeer(r
or, equivalently:
c 1
=) ( @ ( 3)+(T+2)|w\>go
+(1 + 2)6 (V x @+ZZar]<pu]—,
reNje£r(r)

then, the the writing of H{(A, ) (7 # —1) and of the £7(r) imply that the a,.;
are equal to zero, that leads to the result desired. O

Now, we will study the second MP-homology space HJ(A,¢). According to
Proposition 3.23 and to Proposition 3.14, if ¢ € A = F|x,y, z] is a weight homo-
geneous polynomial with an isolated singularity, then the second classical Poisson
homology space of the Poisson variety (F3, {-, '}so) is given by:

{0} if w(p) # |wl;

Cas(A, p) e = @ Fe' e, if w(yp) = |m|.

1€EN

H2(A7 @) =

In the following proposition, we give the second MP-homology space.

Proposition 5.11. Let ¢ € A = F[z,y, 2] be a weight homogeneous polynomial
with an isolated singularity. We consider the Poisson variety (F2,{-, '}so)’ where
{-.-}, is defined in (5.4).

Assume that T € F\ {—1, -2, =3, —4}, then the second MP-homology space of
the Poisson variety (F*,{-,-} ) is then given by:

O iforayreN o) £ (g ) 9]

. +1
H(A,g) ~ ey
Fyre,, if r € N sati =(— ,
Oy, if T satisfies w(y) ((r gy 1) ||
1
where we recall that q, denotes the element ¢, = —— € F.

T+ 2
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Proof. This proof will also be adapted from the one for the determination of the
classical first Poisson cohomology space, obtained in Proposition 3.14. We still
assume that 7 € F\ {—1, -2, -3, —4}.

Let F e A% ~ 2°(A) be a weight homogeneous non zero element satisfying
the 2-cycle condition:

—(T+3)V(F - V) + (7 + 2) Div(F )V = 0. (5.20)

Then, as 7 # —3, F. ﬁgp is a weight homogeneous Casimir of the Poisson algebra
(A, {-,-},), that is to say, according to Proposition 3.11, there exist ¢ € F and
r € N, such that

F-Vo=cpt (5.21)
If we denote by G € A3 the element defined by:

G=F— Lgp’"éw,
@(p)

then (5.21) leads to G - Vi = 0 and according to (5.20) and (5.15), we have:

c

0=05(F)=3;(G) + % (')
= (r+2)Div(C Vo + (~=(@)r+7+3)+ (7 +2)|=]) ' Ve,
thus G satifies the equations:
G- ﬁgp =0,
piv(@) = 7 ((1+ 255 =) - I=1) ¢

Using Lemma 3.13, we obtain that, necessarily,

¢ ((1 + :i;) w=(p) — \w\) = 0. (5.22)

Moreover, as G- §<p = 0, the exactness of the Koszul complex in Proposition 3.5
leads to the existence of a H € A® satisfying G = H x Vi and then 0 = Div(G) =
Ve - (V x H), so that, according to Corollary 3.9, there exists G € A such that
G =VG x ﬁap. Now, if

(1+255) =) - =l #0.
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according to Equation (5.22), ¢ = 0 and F' = VG x Vi € By(A, ¢). The second
1 . L
possibility is (1 + %) w(p) — |w| = 0, and then F = cp"é, + VG x Vp €
T
Fy'ée, + Ba(A, p), where r € N satisfies the Equation:

(1+25) e =lal = =)= () Il 63

Then, it just remains to verify that, for » € N satisfying the above equation (5.23),
pren & BI(A, ¢). Let r € N, satisfying (5.23) and let us suppose that there exist
c € F and G € A such that:

cpléy = VG x 6@.
Using Euler’s Formula (3.5),
cw(p) gt = (cp'es) Vo = WG X 5@) Vo =0,
that leads to ¢ = 0. Then we have obtained the desired result. O

Remark 5.12. Notice that in the classical case, we have seen in Proposition 3.14
that:
Hl(Av (,0) = H2(A7 (,0) = {O}v

as soon as w(y) # |w|, where |w| is the sum of the weights of the variables z,
y and z. The MP-homology permits to have a different result, namely, for any
v € A=F[z,y,2] and any r € N, if w(p) # |w|, then one can chose a 7 € F,
such that

Hi (A, ¢) ~Fy'es,

(r+ Dw(p)

ol —wle)

precisely, 7 =

5.4 MP-homology for surfaces in F3

In this section, we want to determine the Mathieu-Poisson homology of Poisson
surfaces in F2. Our two examples, as in Chapter 4, are: the affine space of di-
mension two, F?, and singular surfaces F, C F? given by the zeros of weight
homogeneous polynomials ¢ € A = F[z,y, z| with an isolated singularity.

5.4.1 The MP-homology of (F?, {-, }¢)

In this paragraph, we consider a polynomial ¢ € F|z,y] and the associated Pois-
son variety (F2,{-,-}"), where {-,-}" is the Poisson bracket defined in Para-
graph 2.1.2, by
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o 0
LWy LA 2
{} o\

Let us consider the MP-homology complex of (F2, {-,-}*). According to the def-
inition (5.3), the MP-boundary operator 9f : 2F(F?) — OQF1(F?) is given, for
F.G e A, by:
9 (F) =T 1(df) =0,
O (Fdx+Gdy)=(1+1) 1, 0d(Fdz+Gdy) = (7 + 1) 01(F dz + Gdy)
O (FdxANdy) = —(7+3)dow,(Fdx Ady) = —(7 + 3) Ox(F dz A dy),
where J, = 1, od — d o1, is the classical Poisson boundary operator associated

to (F2,{-,-}¥) (See (4.22)). So that, for generic values of 7, i.c., for T # —1, —3,
the classical Poisson homology and the MP-homology of (F2,{-,-}") coincide:

HZ(F2a{'a'}w) ZHK(F2>{'V}¢)> for k:0a1>2a
(See Paragraph 4.2.2 for the results of classical Poisson homology of the Poisson
algebra <F27 { ) }w))
5.4.2 The MP-homology of the singular surface F,

Let ¢ € A = F[z,y, 2] be a weight homogeneous polynomial with an isolated

singularity. We recall from Paragraph 4.3.1, that the singular surface F, : {¢ =
Flz.y,2]

0} C F? and its algebra of regular functions A, = can be equipped with the
Poisson bracket {-,-} , , induced from {-,-}_, so that, modulo (y), this Poisson
bracket is given by
dp 0 0 O0p 0 0 Odp 0 0
. =— — A=—+-" —A—+ " —A— d ).
b =5, 9,5 79,0 "ar T0s 00 oy (Mol ¥
We want, in this paragraph to compute the MP-homology of the Poisson surface
(Fe,{+-}4,)- To do this, we recall the identifications in the spaces of chains,

given in Section 4.4.1. While 2°(A,) ~ A, we have:
~ A?O ~ A3
{FVp | Fe A} {FVp+oG|FeA Ge A3}
A3 3
P(A,) ~ — — ~ - ‘{ — ,
{Vox F|Fe A} {VoxF+¢G|F,Ge A%}
A, A
~ s = s ~ a a a = Asmg.
(Ve F|Fer) 2% 0200,
ox’ Oy’ 0z
Moreover, the MP-homology operator 9f 4 : 2"(A,) — 2"7'(A,) is induced by
the one 9], corresponding to the Poisson variety (F2, {-, -}@) and we obtain the
MP-homology spaces of A,:

21(Ay)

2°(Ay)
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HTA ~ _ _ A
7(Ap) {(r+ 1)V - (Vx F)+¢G|GeAF e A}

HT(A,) ~

_ (Fel|rt1)¥p (VxF)ely)

+ 1)V
{—(1+3)V(F - V) + (14 2) Div(F) Vo + GV + oH | G e A F, H € A>}’

(Fe A | —(r+3)V(F Vo) + (1 +2) Div(F) Vp € T}
{chxH+<pK|HK€A3} ’

where Z, .= {FVp+ oG | F € A, G € A%},
Flz,y, 2]

9p 9p Op )

Ox’ Oy’ 0z
We will denote by Z7(A,) and BJ(A,) the spaces of all MP-cycles and MP-
boundaries of (A, {-,-} Aw). We point out that, for all parameter 7, we have
HI(A,) ~ H3(A,) >~ Aging. Moreover, if 7 # —1, we have also HJ(A,) ~
Hy(A,) ~ Asmg The following proposition shows that, for all value of 7, ex-

cept —1, —2, =3, the space H](A,) and, respectively HJ(.A,), are isomorphic to
Hi(A,) and respectively, Ho(A,).

Proposition 5.13. Let us suppose that 7 € F\ {—1, -2, -3} and that ¢ € A =
F(z,y, z| is a weight homogeneous polynomial, with an isolated singularity. Then,
the first and the second MP-homology spaces of the Poisson surface (F,,{-, .}Av)
are given by the following:

H3(Ay) =

Hg(A¢) >~ Aging =

H{(A,) =~ Hi(Ap) ~ @ Fﬁujv

-1

H3(A,) ~ Hy(A EB Fu; ém = Aging,

7=0

where, as in Paragraph 3.2.4,

Flz,y, 2]
Asing = (D2 00 a_eo>
oz Dy’ 0z
is the singular algebra associated to ¢ and uy = 1,uy,...,u,—1 € A are weight

homogeneous polynomials of Flx,y, 2] whose images in Asing give a F-basis of
this F-vector space (See Paragraph 2.3.2 for the finite dimension).
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Proof. We suppose 7 # —1, -2, —3.

e First, let us consider H7(A,). We will follow the determination of H;(A,)
in Proposition 4.26 and adapt this case to the MP-one. Let Fe A satisfying
(1 + 1)V - (V x F) € (@), thus, there exists G € A with 8] (F ) = (r + 1)V -
(V x F) = ¢G.

As 7 # —1 and according to the expression of the space Hj (A, ) (or H3(A, ¢)
in Proposition 3.16), the sum

pn—1
A:{(T+1)§cp-(§xﬁ)|ﬁ€/l3} » @ Cas(A, ) u;

J=0

is a direct one, and both summands are itableﬁby Enultiplicagion lZy ©, so that
there exists K € A3 such that G = (1+1)Vp- (VX K). Then F —pK € Z](A, ¢)
and, according to Proposition 5.8, we can write that:

pn—1
F—pK e Z Z FgorujV<p+ZFﬁuk + BT (A, p)
reN je€r(r) k=1

pn—1
€Y FVu +{05(L)+JVp+pH|JeA L He A%,
k=1

so that
pn—1
Fe) FVu+{05(L)+JVo+pH|J €A LHeAY}.
k=1

As, for all 0 < k < p—1, Vuy, € Z(A,), the family {Vuy, 0 < k < p— 1}
generates the F-vector space HJ(A,). Let us show that this family is a F-basis
of HT(A,). For this purpose, let us consider some elements ¢, € F (for k =

1,...,u—1), J € A, and L, H € A3 satisfying:
pn—1
> aVug=05(L) + IV + pH.
k=1
We consider the inner product of the elements of this equation with the Euler

derivation €, according to the Euler Formula (3.5), this operation leads to:

—1
cr @ (ug) ug, € (
1

=

o0 0¢ o,
Ox’ Oy’ 0z"

B
Il

and, according to the definition of the wu;, we have necessarily ¢, = 0, for all
k=1,...,u—1, so that we have obtained:
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pn—1
k=1

e Now, let us consider the case of Hj(A,). One more time, we will follow the
steps of the determination of Hy(.A,) (Proposition 4.26) and adapt them to our
MP-case.

Let F € A® such that 83(F) € Z,,. There exist L € A, G € A? satisfying

827(F) = Lch + oG (5.24)
We will study the two different terms on the right hand side of this equation.
1. First, let us work with gp@ As ﬁgp . (ﬁ X (Lﬁgp)) = 0, we have Lﬁgp €

Z7(A, ) and ¢ G = 07(F) — LVy € ZT(A, ¢) and G € ZI(A, o). Using the
writing of HT(A, ) in Proposition 5.8, we obtain the existence of H € A3,
such that:

Ged > Fapu]Vg0+ZFVuk+8T H),

reN jEé’T

where

1
0= 1} if w(@) = —— ) |,
Eqr) = t k=) () ((T+1)QT+1)||
{1,...,u — 1}, otherwise.

—

In order to study the element ¢ G, let us observe the following computation.
95 (pH) = —(1 +3)V(p ﬁ 6 ) (7 + 2) Div(pH) Vg
= ¢ (~(r +3)V(H - Vo) + (7 + 2) Div(H) Vi)

—(T+3)(H - w)% (T+2)(Ve-H) Ve
= @d3(H) — (H - V) V.
This last equation permits us to obtain:

pn—1

oG e Z Z F o,V + ZF@ﬁuk + 83 (pH) + (H - Vo)V,

reN jeé‘;(r) k=1

Now, we have to decompose the different terms in the previous sum, as follows.

Z Z F <pr+1uj§g0 C Z Z F <pr+1ujﬁg0

reN jefr(r) reN je&T(r+1)
Fo o'V, if 0 € £5(r),

{0}, otherwise.
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because £7(r) C £7(r+1)U{0} and if there exists 79 € N such that 0 € £ (ro),
it is unique. Moreover, according to Equation (5.6), we have:

pn—1 pn—1 pn—1
Z F cpﬁuk C 0y <Z Fukf?w) + Z Fukﬁap,
k=1 k=1 k=1

and according to (5.15), if 0 € £7(ro), then

TO+1V(,0 C 87- (Fgoro—l-l—» ) 7

as, if 0 € E7(ro), then 0 ¢ E7(ro + 1). Finally, we obtain:

pn—1
pGed > FeuVe+ > FuVe+ (H-Vo)Ve
reN je€r(r+1) k=1

pn—1
+ 07 (pH) + 8% (Z Fukgw> +op | Y Fertle,

k=1 reN
0€&g(r)

- -

-y ¥ F¢UJV¢+ZFung0+ H-Ve)Ve

reN* je&l(r)

pn—1
+ 03 goH + Z Fupe, + Z Fotle,
k=1 reN

0€&T(r)

C Z Z Fgorujﬁap + (ﬁ . ﬁap)ﬁgo

reN jeé';(r)

-1
+ 03 goH—i— ZFukew + Z Fotle,

k=1 reN
0e€L(r)

2. Now, let us consider the element L'V, where L'=L+ H- ﬁap. According to
the writing of HJ(A), we have the existence of K € A3, such that:

L' e o] (K +ZZF¢uJ,

1€N j=0

and then
.
L'V € 0] (K)Ve + Z Z Fo'u;Ve.

1€N j=0
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But, we have:

—

F(R)WVe=(r+1) (Ve (Vx K)) Vg
= (r+1) (Div(E x V¢)) Vo

ST (R %)

Thus, we obtain:

- G - T+1 /5 oS
LVped ) Fo'uNo+ 05 (T — (K x w))

1€N 7=0

GZ Z ngujV<p+ Z FapVap+0T< ( ngo))
€N je£T () oéng( )
i— T T+1 nyd =
EZ Z FgouJV<p+8 Z Fo'e, | + 05 — (KXVQO) ,
€N jeET (i) OQZEBI(Z)

as, according to (5.7), if 0 & £7(4), then 'V € 87 (Fyic.,) € BI(A).

Using the two precedent points, we can write the equation (5.24) as:

N(F)=pG+ LV

EZ Z Fo" u]Vg0—|—8T ¢H+ZFukew+ Z Fyrtle,

reN 657 reN
jege ) 0€£(r)

+L'Vo

-1

GZ Z F o*u Ve + 05 ¢H+ZFukew+ Z Fortie,

seN le€r =1 en
2() 0€Ez(r)

. +1 /4o =
+05 Z Fo'e, | + 05 <:+2 (Kx V(p)).
€N

U224 0)

This equation implies that there exist some constants ay, 3,,v; € F, such that
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p—1
9 (F —oH =Y opurlo — Y BT = Y il

k=1 reN iEN
0e€x(r) 0Z£ (1) (5.25)
1 /0 - .
I (Bx99)) e X ¥ roudy
T+ SsEN 1E€7(s)

and, according to the writing of HJ (A, ) (Proposition 5.8), the following sum

{O3(F)|Felto D P FeuVe

seN e (s)

is a direct one, so that, the left hand side of (5.25) is equal to zero, that is to say:

-1

=

- o . T4+1 N .
F—pH - S Bt - Y s — (R x V)
© QpULE Bro' e ‘ Vil — 5 @
k=1 reN iEN
0€€(r) 0gE (i)
€ Zy (A, p)

—{VF xVyp|FeA

. 1
. {0} if for any te N,’W(QO) # <m) |’W|,

Fpe,, if ro € N satisfies w(p) = ot Do+ 1) ||.

So that, we obtain:

pn—1
F e Fupé, +c(0) Fé, + e (0)Fe, + {Vo x H+ oK | H K € A%},

k=1

with ¢7(0),¢7,(0) € F and ¢(0) # 0 if and only if 0 ¢ £7(0) while ¢,(0) # 0 if
1

and only if @w(p) = (C]r - 1) ||, i.e. 0 € £7(0).

Finally, modulo {ﬁgp x H + gp[? | H K e A3}, we obtain exactly

p—1 p—1
F e Z Fu,é,, + Fé, = Z Fu,.é.,.
k=1 k=0

As, moreover, according to Equation (5.8), forall 0 < k < pu—1,

3 (wéz) = (= (T +3)m(0) + (7 + D)@ (w) + [@]) )urVeo
—(T+ 3)w(gp)gpﬁuk €1,
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that implies that the family {ux€,, 0 < k < p— 1} generates the F-vector space
H7(A,):
pn—1
H3(A,) ~ > Fugé. (5.26)
k=0
It remains to verify that the sum in (5.26) is a direct one. For this purpose,

let us suppose that there exist some elements ¢, € F, for k = 0,..., 4 — 1 and
H,K € A3, satisfying:

pn—1

ch U = Voo X H 4+ oK.

k=0

The inner product with V¢ and Euler’s Formula (3.5) in this equation lead to:

pn—1
> awlp) ure = K - Ve,
k=0

ie.
pn—1
2 3 dp dp ¢
=K- v € a v ./
that means, according to the definition of the wy, that ¢, = 0, for all k =

0,....,u0— 1. O
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Application to deformation theory

In this chapter, we study the role played by the Poisson cohomology (and in
particular, by the second and the third Poisson cohomology spaces) in the defor-
mation theory and we use the determination of the Poisson cohomology we have
obtained in the previous chapters to deform Poisson bracket in dimension three.
We begin with an introduction of the deformation theory in the Poisson context.
It is clear that one who knows the theory of deformation of Lie algebras or as-
sociative algebras will have an idea about the case of Poisson algebra. However,
as it is difficult to find references about this subject and as we need to fix some
notations and points of view, we recall with details the notions of deformation
of Poisson structures, extensions of deformations and the link with the Poisson
cohomology. To do this, we will be inspired by the paper [48] which concerns the
associative case.

We will then apply this theory to the cases of the Poisson varieties (F2, {-,-} g0),

(F2 {-,}"), (Fos {-, '}Aw) and determine the deformations of the Poisson brack-
ets {-,-}, and {-, '}Aw’ when ¢ € F[z,y, z] is a weight homogeneous polynomial
with an isolated singularity, and the bracket {-, -}w, when ¢ € Flz,y] is a square-
free weight homogeneous polynomial.

6.1 Deformations of Poisson structures

Poisson cohomology appears naturally when one wants to deform, formally, the
Poisson bracket on a Poisson variety. This means the following. For (M, {-,-})
a Poisson variety and its algebra of regular functions A, we consider the ring
A[[v]] = A ®r F[[v]] of formal power series in some indeterminate v, with coef-
ficients in A; we also denote this ring by A" and we write F” for F[[v]]. Thus,
an element of A” is of the form Y,  Fi V', where all F; € A. The associative
commutative product “” on A extends naturally to a product on A", which we
still denote by “”. Explicitly

<Z Fy) : <Z ij) = > F-Giv,

€N JEN 1,JEN
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which is well-defined, since for any k& € N the coefficient of ¥ in the product is a
finite sum. The new product just amounts to extension of scalars, from F to F":
the new product is F”-linear and reduces to the old one when v = 0. For n € N,
we will also need the algebra

Ay = A ("),

which is obtained by taking the quotient of A" by the ideal of A" that is generated
by v"*1. One computes in the algebra (AY,-) precisely like in (A”,-), putting
v = (0 whenever i > n; it is an algebra over the ring F” := F”/(v"*1). We have
that Af ~ A, in a natural way; these algebras will be identified in the sequel,
without further notice.

We could indeed do the same extension of scalars with the Poisson bracket
{-,-}, but that is exactly what we do not want to do, rather we want to study all
possible Poisson brackets on (A, -) or on (AY,-) that specialize' to {-,-} when
v=20.

6.1.1 Definition and equivalence

In order to make this precise, we first point out that every skew-symmetric F/-
bilinear map ¢, : Aj; x Ay — A} leads to skew-symmetric F-bilinear maps
00, - - - on from A to A defined for F, G € A by

O (F,G) = 0o(F,G) + o1 (F,G)v + - - - 4 o, (F, G)v", (6.1)

and vice versa. Moreover, ¢, is a biderivation of A} if and only if each of the
©; is a biderivation of A. By a slight abuse of notation, we will also use the same
notation for the F¥-bilinear extensions of the maps ¢; to A, which has the effect
that (6.1) remains valid when F' and G belong to FZ.

Definition 6.1. Let (M, {-,-}) be a Poisson variety and A be its algebra of reg-
ular functions. For n € N, a F}-linear skew-symmetric biderivation m(, of Ay,

T(n) = To + MV + - - + V", (6.2)

is called an n-th order deformation of {-,-} if m(n) satisfies the Jacobi identity
and if mo = {-,-}.

For m < n a skew-symmetric biderivation 7,y of A} leads naturally to a skew-
symmetric biderivation 7, of A}, in (6.2), simply stop the sum at the term 7,,0™
and replace the base ring F? by F” . In the case of an n-th order deformation
of {-,-} this leads to an m-th order deformation of {-,-}. Similarly, a F¥-linear
skew-symmetric biderivation m, of A" leads to a skew-symmetric biderivation
T of AV | for any m € N. This leads to the following definition of a formal
deformation of {-,-}.

! Physicists like to think of v as a multiple of Planck’s constant; then v — 0 corresponds to taking
the classical limit, i.e., the quantum Poisson brackets become classical Poisson brackets.
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Definition 6.2. Let (M, {-,-}) be a Poisson variety and A be its algebra of reg-
ular functions. An F"-linear skew-symmetric biderivation m, of AY is called a
formal deformation of {-,-} if for any n € N, the bracket ), restriction of .
to AZ, is an n-th order deformation of {-,-}.

As we pointed out in paragraph 2.1.1, we could have defined Poisson algebras
and also Poisson algebras over rings. If 7, is a formal deformation of {-,-} then
(A”,-,m,.) is a Poisson algebra over the ring F” (and A" is not an algebra of
regular functions over an affine variety).

Together with the notion of deformation of Poisson structures, there is a notion
of equivalence of deformations that is given in the following:

Definition 6.3. Let (M, {-,-}) be a Poisson variety and A be its algebra of reg-
ular functions. One says that two formal deformations m, and ©, of {-,-} are
equivalent if there exists a F”-linear map @ : AY — A", satisfying:

(1) P(F) = F (modv), for all F € A;

(2)D(FG) =P(F)P(G), for all F,G € A;

(3) (7. [F, G]) = 7l [®(F),P(G)], for all F,G € A.

Similarly, one defines the notion of equivalence for n-th order deformations, by
replacing F¥ with ¥¥ and A" with AY.

Condition (1) implies that @ is invertible; condition (2) implies that ¢ : A¥ — A”
is a morphism of associative commutative algebras, then (3) means that & is

a Poisson algebra isomorphism (A”,m.) — (AY, 7). It can be expressed as the
commutativity of the following diagram:

AY x A M A
«;zsml l@ (6.3)
A x A T g

Remark 6.4. Let @ be a F"-linear map @ : A” — A”, satisfying Conditions (1)
and (2), then ! is also morphism of associative commutative algebras. So that,
if 7, is a formal deformation of {-,-}, then the following formula

PIF,G] =7 (n[0(F),2(G)]), F.GeA
defines a skew-symmetric biderivation P of A" and so a formal deformation
of { ) }
6.1.2 Link with Poisson cohomology: extensions of deformations

Since n-th order deformations of {-,-} (now also denoted by m) restrict to m-
th order deformations of {-,-}, for any m < n, it is naturally to approach the
construction and the study of all (formal) deformations of {-, -} by analyzing the
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extendability of an n-th order deformation to an (n + 1)-th order deformation.
Thus we suppose that 7, is an n-order deformation of {-,-} = 7,

Ty [F, G] = mo[F, G) + m[F,Glv + - - - + m,[F, G|V

for F,G € A. We wonder if there exists a skew-symmetric biderivation 7, 1 of A
such that

T F, Gl = mo[F, Gl + m[F, Glv + - - - + m, [F, G]v" + T [F, Gl

defines an (n + 1)-th order deformation of {-, -}, which we do by expressing that
[Tnt1) Tnay | g = 0 (in A, ,). Since [y, T(m)] ¢ = 0 (in AY), all that remains is

E [71'2',77']']5 = 0,
i+j=n+1
4,520

which we write in terms of the Poisson coboundary operator as

R (ir) = ~frmmls =5 3 Il (6.4)
i+j=n+1
ij>1
(In particular, for n = 0, we have 62 (m) = 0, ie., m € X*(A) is a Poisson
2-cocycle of (M, {-,-} = m).) This means that 7(,) can be extended to a (n+1)-
th deformation of {-,-} = mp, if and only if the right hand side in (6.4) is a
3-coboundary; notice that it is a 3-cocycle, since

== > ([mlmmlsls + [, [ro mlss)
i+j=n+1
i5>1
=2 Z [, 0 ()]
i+j=n+1
i,j>1
= Z [77-7:7 [Trk7 ﬂ-l]s]s

i+k+l=n+1
ik I>1

=0,

where we have used the graded Jacobi identity for [-, -] to obtain the second and
the last lines. It follows that the obstruction for extending a deformation of some
order to the next order lies in the third Poisson cohomology space H?(A, ).
This shows the following proposition.
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Proposition 6.5. Let (M,{-,-}) be a Poisson variety. Suppose that 7y =
S omyt is an n-th order deformation of my = {-,-}. Then 7, extends to an
(n+1)-th order deformation if and only if the Poisson 3-cocycle 2?:11 [, Tnt1—i) g
is a Poisson 3-coboundary of (M, {-,-}).

Notice that, because the skew-symmetric 3-derivations of the Poisson surfaces
(F2,{-,-}¥) and (F,, {-, ‘}4,) are equal to zero, any n-th order deformation of
the Poisson structure extends to a (n + 1)-th order deformation in these cases
(See Section 6.3).

It is clear that the term m, v that makes an n-th order deformation of
{-,-} into an (n + 1)-th order deformation of {-,-} is not unique (if it exists):
one can always add a Poisson 2-cocycle. If this cocycle is a coboundary then the
two extended (n + 1)-th order deformations are equivalent. This is a particular
case of the following proposition, that explains how equivalence of deformations
of {-,-} is measured by the second cohomology space of (M,{-,-}).

Proposition 6.6. Let (M,{-,-}) be a Poisson variety and A be its algebra of
reqular functions. Let m,) = my + mv + mov? + ...+ " be an n-th order
deformation of {-,-}, where n € N* and let m < n, m € N. Let p € X'(A),
which we extend to an F¥-linear map A” — A, still denoted by ¢, and let

n+1

Tim) = To + TV + Tol” + A T V™ 4 (T + O () (6.5)

Then, 7T£ ) extends to an n-th order deformation 7T of{ -}, which is equivalent
to T(n)-

Proof. Let us consider the map

@ AI/ N AI/
F i exp(—v™p)(F)
=F —vmp(F)+ 1V2m<p2(F)

The map @ is an F”-linear map that satisfies ¢(F) = F (modv), for all F' € A.
Moreover, for all F,G € A, ®(FG) = ¢(F)P(G). Indeed, as ¢ is a derivation
of A, we have, for all i € N:

= CFo™HF) " (G); (6.6)
k=0
So that, we obtain:

B(FG) = exp(—v™9)(FG) = Z (_.—Wu%i(m)

Y EV ik )

>0 k=0
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=Y i ) )

>0 k=0
=2 7(_;{;1'5: I Q1 (F) oM(G)
20 k>0
- (Z %’jwwm) (Z - v’%’f(G))
§>0 ’ k>0 ’
= O(F) &(G).

Then, according to Remark 6.4, the following formula
Ty [F, G] i= (7 @ HF), o HQ)]), for F,G € A",
defines a deformation of {-,-} which is equivalent to 7(,). The inverse of & is
given, for F € A, by &71(F) = exp(v™¢)(F). We verify that T(,m)» the restriction
of ﬂ(n) to an m-th order deformation, is indeed given by (6.5). Thus we compute,
for F,G € A, in the algebra A, (7 is the restriction of 7(,) to an m-th order
deformation):
Ty [Fs G = (7 [F + V" 0(F), G + ™" p(G)]

=@ () [F. G] + V™ (mo[io(F), G] + mo[F, 0(G)]))

= (m)[F, G] + V" (mo[p(F), G] + mo[F, o(G)] — p(mo[F, GT))

= Ty [F, G] + V" (6, ) [F, G].

O

Remark 6.7. We use the same notations than in Proposition 6.6. By observing the
last computation in the proof of this proposition, we can be more precise about
the deformation W(n) obtained. We have indeed,

wén) = T + (5}Togo)ym mod "™,

but in the proof of the next proposition, we will need to know what is the coeffi-

cient of v in T(nys if m <. We will also denote by 7 (respectively () the

restriction of 7(,y (respectively 71'(”)) to a k-th order deformation, when k < n.
First, suppose that 1 < m < n (m 4+ 1 < 2m), and let us compute in the
algebra A7 _,,
Tnt1) (£, G) = QT [F + V" 0(F), G + 1" (G)])
= & (T(nin)[F, G] + V" (mo[p(F), G] + o[ F, o(G)])
+" T (T [p(F), Gl + m[F, ()
= T(m+1) [F, G| + V" (o[ (F), G] + mo[F, 0(G)])
+" T (1 [p(F), Gl + [, o(G)))
—"(p(mo[F, G])) — v p(mi [F, G]))
= M) [F, G] + 0™ ([0, )5 [F, G]) + v ([m, ¢l g [F, G)).
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So that, if we denote by ), the coefficient of v* in Wén), we have, if 1 <m < n,

ﬂ-;n—l—l = MTm41 + [7T1780]s-

Now, let us suppose that m =1 and n > 1. In this case, @(F) = F —vp(F) +
2@ (F) (modv?) and &~ 1(F) = F+vo(F)+312¢*(F) (mod v?), for all F € A.
An analogous computation than in the previous case leads to:

1
Ty = Ty + [T, @] g + 2 [‘Pvéio(‘P)]S'

In the following proposition, we will use the particular fact that, in Proposition
6.6, we can chose 7, such that m;, | — mni1 depends only on ¢ and the m;, with
7 < m.

It follows from Proposition 6.6 that in order to construct all possible deforma-
tions of {-,-}, up to equivalence, one only has to consider as many possibilities,
at every step n, as there are elements in H?(A, ).

6.1.3 A particular case

In this paragraph, we will give a result that can be applied only in very partic-
ular cases of Poisson structures, but, for example, in the case of {-, '}so’ when ¢
is weight homogeneous, with an isolated singularity, as we will see in the next
section.

Proposition 6.8. Let (M,{-,-} = m) be a Poisson variety and let A be its
algebra of regular functions. Suppose that (Vg k € K) is a family composed of
2-cocycles, whose images in H*(A,{-,-}) give an F-basis of this F-vector space.
Suppose moreover that we have a family of formal deformations of the Poisson
structure o, indexed by a = (ag)nkeel\zlc*, of the form:

m=mt Y [T ap o | v, (6.7)
neN* ke
finite

where WA € X*(A") is a family of skew-symmetric biderivations, indezed by

a, = (a') wex and ¥ = 0.
1<m<n

e Then, for any formal deformation m, of mo, there ezists a sequence b = (b} €

F) ke such that m, is equivalent to 7°;
neN*

o Moreover, for any m-th order deformation mq, of my (m € N*), there exists
a sequence b = (b} € F) , such that m(y,) is equivalent to 72 modulo ™!,

i.e., i A7

keK
neN*
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Proof. In the following, for n € N* and for a sequence b = (b7" € F) rex , we will

— meN*
denote by b,, and by b,, the sequences defined by:
bn = <b;€n>1§kren)in7 bn = (bzl)'riezlfl
Moreover, for two sequences €, = (¢f' € F) rex and ¢, = (" € F)rex,
1<m<n m>n

we define the concatenation of €, and ¢/, denoted by (€,,c,), as the sequence

(e e F)wfeefvc*’ given by
"' =cp, forallke K, 1<m<mn,
"' =c, forallke K, m>n.

So that, the concatenation of b, and b, (b,,b,) is exactly b.
Let us consider an arbitrary formal deformation of 7y, denoted by:

Let us construct a sequence b = (b* € F) KX such that, for all N € N and
meN*

for all ¢y, = (¢ € F) rex , . is equivalent to 7P~ in A%, where by =
m>N-+1 _
(b1, Cny 1) is the concatenation of byyy and ¢y ;. Then, we will have obtained
b

that 7, is equivalent to the deformation 7.
Moreover, if we replace m, by a m-th order deformation m,):

m
T(m) = To + E T,
n=1

and if we do the same proof, but in 4%, (and then, it suffices to consider N < m),
we will obtain, in the same way, that 7, is equivalent to 72, modulo ™1,

To do this, we will prove, by induction, that, for all N € N* (if we are proving
the result concerning a m-th order deformation, it suffices to consider N < m),
there exist a sequence by = (0" € F, k € K,;m < N), a family of formal defor-

N.eniy

mations 7, , indexed by ¢y, = (c}') rex , and a skew-symmetric bideriva-
+1

m>

tion Pyy; € X2(A), depending on by, but not on Cn.41, such that:

_Nbyiy N+1
oo (mod = o all b (b € F)
or a = keK
N.bpyiq b =N+1 k m>N+1
e ~ P, B =
Nbyos . denoting b := (by,by,1),
Ty = Tayr T Py,

CN+1

where we denote by 7 (respectively ﬂ,iv’ and 7g) the biderivation in factor

of v* in the deformation 7, (respectively TN and 72), for all £ € N. In

N+1)

particular, for all NV, 7PN oxtends (me mod v and is equivalent to 7P,
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First, let us consider the case N = 1. We have by definition
2
57ro (Wl) = 07

that is to say, 7 is a 2-cocycle and this fact implies that there exist a sequence
by = (b}, € F)iex, with k£ € K and ¢, € X'(A), such that:

= b O+ 0 ().
kel

According to the Proposition 6.6, for any by, = (b}" € F) rex,

m>2

o + MV = Tg + (Z b,lg ﬁk + 571rg(7vb1)) 14

kek

extends to a formal deformation 7.2 of 7y, which is equivalent to 7P, where

b := (by, b,), because

T =7+ <Z by 19k> v (modv?).

kek

* 7

According to Remark 6.7, the skew-symmetric biderivation P := my — w;’hz de-
pends only on 7, 71, ¥ and not on b, and we then have obtained the desired
result for N = 1.

Let now N > 2 be an integer and let us assume that there exist a sequence
byy = (B € F,k € K,;m < N), a family of formal deformations 7TiV72N+1,
indexed by ¢, = (¢}") K and a skew-symmetric biderivation Py, € X?(A),
such that: -

Nd
T, =7 " (mod N,
for all d =(d €F) rex
Ndyi1  _d =N+1 ( k )mZNJrl’
T — ﬂ-* I _
Ndys d denoting d := (by1,dy1),
i1 = Tngr + P

We will prove the same for the rank N + 1. Let us first point out that, for all

QN+1>
Ndy,,

672T() (ﬂ-N'f‘l) = 572"0 (WN:l ) )
because, according to Equation (6.4), this skew-symmetric 3-derivation is com-
pletely determined by the 7; = W;V’QN 1 for 0 < j < N. So that, there exist some
constants (by 7! € F)rex and a derivation 1y, € X'(A), satisfying

N, d
TN+1 = 7TN+1N+1 + Z bN+1 1919 + 571ro(¢N+1)'
ke
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We can write, using the third equation of the induction hypothese, for all d .,

Nvg
TN4L = Ty o+ Z byt + 571r0 (Ynt1)

kek

= 7T§7+1 + PN+1 + Z b]iv—i_l ﬁk + 571r0(¢N+1)
ke

= N1 + Prni1 + 05 (Un41),
where D is the sequence D = (D} € F) KeX defined by
neEN*
Dy =b;, forallkek, 1<n<N+1,
Dy =dy, forallkek, n>N+2

i.e., D is the concatenation of the three sequences by, (bivﬂ)ke;c and dy_,.
According to the third equality of the induction hypothese, we also have

TN41 = TNy + Pagr + 05 (Un41)
Nd
=Tyt 571m (¥n11)-

Then, we can use one more time Proposition (6.6) to obtain, for all dy,,, the

. . N+1,d
existence of a formal deformation . N+2 that extends

N.d
To+mu+-+ayar T =m+my 4+ <7TN+1N+2 + 571ro(¢N+1)) 2

and is equivalent to 7P. According to Remark 6.7, the skew-symmetric bideriva-

. N+1d
tion Pyyo i= Tyyo 7 — Tn42 depends only on 7y, 71, ¢¥y41 and not on dy

and we thus have obtained the desired result, for all N € N*. Now, it is clear
that what we have proved that 7, is equivalent to 7P, where b is the sequence,
constructed by induction. O

Remark 6.9. Let (M, {-,-} = m) be a Poisson variety satisfying the conditions
of Proposition 6.8. Then, {-,-} satisfies the following property: for all m € IN*,
every m-th order deformation of {-,-} extends to a (m + 1)-th order deformation
of { ) }

Indeed, let 7(,) be a m-th order deformation of {-,-}. Proposition 6.8 says,

in particular, that there exists a sequence b = (b} € F) rex , such that m,
neN*

is equivalent to 7P modulo v™*1, i.e., in A% . This leads to the existence of a
F? -linear map ¢ : AY, — A”, satisfying (See Definition 6.3)

m—+1

O(F) = F (modv),
) [F, G] = @71 (72 [@(F), #(G)]) mod v™*,

*

for all F,G € A. Then, we can naturally see ¢ as a map A}, ,; — A” _; and the
(m 4 1)-th order deformation 7,41y of {-,-}, defined by
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s [F, G| i= 071 (n2[@(F), $(G)]) mod v™*,

for all F,G € A is an extension of 7y, hence the conclusion that 7(,, extends
to a (m + 1)-th order deformation of {-,-}.

Poisson structures of the form {-, '}so’ with ¢ € F[z,y, 2], a weight homoge-
neous polynomial with an isolated singularity, satisfy this property and we will
see, in Paragraph 6.2.2, that we will be able to apply Proposition 6.8 in these
cases (See Proposition 6.11). In Section 6.3, we will deal with the Poisson sur-
faces in F3: (F2,{-,-}¥) and (F3, {-, },,) and point out that they also satisfy the
hypotheses of Proposition 6.8 (See Propositions 6.13 and 6.14), but in an easier
way.

6.2 Deformations in dimension three

In this paragraph, we determine the formal deformations of the Poisson structures
of the form {-, '}eo on A = Flx,y, z], where ¢ € A is supposed to be weight
homogeneous with an isolated singularity. As we have seen, the second Poisson
cohomology space H?(A, ) play an important role in this study. We first need
to find a F-basis of H%(A, ¢) that is different from the one we have obtained in
paragraph 3.2.5 and more adapted to the computations we do in this section.
Then, we will see that Proposition 6.8 applies to the Poisson structures {-, '}so
and it will permit us to determine all the formal deformations of such Poisson
structures, up to equivalence.

6.2.1 Another basis of H2(A, ¢)

As our purpose is to study the formal deformations of the Poisson structures
{-, '}eo of F3 and because the second Poisson cohomology space will appear in
this work, we need to have an appropriate expression of H2(A, ).

Let A := F[z,y,z| be the algebra of regular functions on the affine vari-
ety F3, equipped with the Poisson structure {-,-} o Where p € Ais a weight-
homogeneous polynomial with an isolated singularity. We recall that, explicitly,
the Poisson bracket {-, -} is given by:

dp 0 0 Op 0 0 Op 0 0

S Ty N ey NP s gy

bk =gr oo o, or T 0\ 3y

Considering the Poisson algebra (A, {-,-} ), we have seen in Proposition 3.19
that

(6.8)

pn—1 p—1
H*(A, p) ~ @ Cas(A, @)ﬁuj @ @ Cas(A, ¢) uJﬁ(p
() m(o)-Iw] ()=o) I]
pn—1

o @ FVy, (6.9)

j=1
@ (uj)==(p)—|=|



138 6 Application to deformation theory

where Cas(A, ¢) ~ @,n F ¢’ and the family u; € A, j =0,..., u—1is composed
of weight-homogeneous polynomials whose images in

dp Do Op
sing = F ' Y .09 o
give a F-basis of this F-vector space (and ug = 1).
We first give another basis of H?(A, ¢), which will be more useful for studying

the formal deformations of the Poisson bracket {-,} .

Proposition 6.10. If ¢ € A = F|x,y, 2] is a weight homogeneous polynomial
with an isolated singularity, then the second Poisson cohomology space of the
Poisson algebra (A, {-,-},) is the Cas(A, p)-module:

-1

@Cas UJVSO S @FVU‘]7 ifw(<p) = |w|7
7j=1

H?(A, p) =
-1

@Cas UJVSO ) @FVU‘]7 ifw(<p) 7£ |w|7

L =1 Jj=1

where w(p) is the (weighted) degree of ¢, |w| is the sum of the weights of the

variables x, y and z and the u; are weight homogeneous polynomials of A, whose

images in Asing = Flz,v, z]/(g—i, g—“;, ‘g—f) give a F-basis of this F-vector space,

whose dimension is denoted by L.

Proof. In order to simplify the proof, we define the set

{0,...,#- 1}7 lfw(gp) = |w|>

&, =
{1? RN L 1}7 lfw(gp) 7& |w|>

so that, we want to show that
pn—1
H?*(A, p) ~ @ Cas(A, p)u;Veo & @ F Vu;.
je€y j=1
We recall from Remark 3.21 that
5}0 (apiujéw> = (w(uj) —w(p) + \w\)apiujﬁgo —w(p) gpiﬂﬁuj, (6.10)

foralli € N and j =0,...,u— 1. We point out that this formula, specialized to

case j = 0, leads immediatly to Fp'Ve C B2(A, ), as soon as w(p) # |w| and

i € N. This fact explains that we need use the set &, in the writing of H?(A, ¢).
Formula (6.10) implies also that, for all i > 1,
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pn—1 pn—1
Z F o'Vu,; C B*(A, @) + Z Cas(A, ) u; Ve
j= =1

() ()] !

C B*(A,¢) + Z Cas(A, ) u;Ve.

jEEy

Moreover, the definition of &, leads to

pn—1
> Cas(Ap)uVe C > Cas(A ¢)u;Ve,
i=0 jEE,s

w(us) =)~

so that, according to (6.9),

pn—1
H*(A, ) C Z Cas(A, ) u; Vi + Z F Vu,.

]E&p j:l

The other inclusion is clear, so we now have just to show that this sum is a direct
one, modulo B?(A, ). For this, let us consider some elements of F, \;,0, € F,
forie N, 1<j5<pu—1,kec&, and an element H e A3 satisfying the equation
in X%(A):

pn—1
Z Z 8; 0w Vo + Z N Vuy = 0L(H) = —V(H - Vi) + Div(H)Ve,
j=1

iEN ke,

where the right hand side of this equality is an element of B?(A, ). We can write
this equation as:

pn—1

\Y (Z Aju;+ H - ﬁgo> = | Div(H) = > > dire'ur | Vo,  (6.11)
j=1 1eN ke,

so that the element Z;:l Ajuj + H- ﬁgo € A satisfies the 0-cocycle condition,
that is to say, is a Casimir for (A, {-, ~}¢) and this fact implies, according to
Proposition 3.11, that there exist elements ¢, € F, with » > 1, such that:

pn—1
Z)\j u;+H -V = Z [T (6.12)
j=1 reN*
= dp Op Dy
M= S g S e (22,00 08y
— ; )u] TEZN*C ¥ v¢€<8x 8y az>

The definition of the u; leads to A\; =0, for all j =1,..., u— 1, so that we have:
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H-No=3 ey = chr)w" ', - Ve,

relN* reN* (SO

where we use the Euler Formula (3.5), for the last equality.
Using the exactness of the Koszul complex (Proposition 3.5), we have the
existence of an element K € A3, satisfying

o 15W+I?><§g0,

relN*

that gives

Div(H) = Y wc(zp) (@(@)(r—1) +|@|) "1+ (V x K) - Ve.  (6.13)

We consider (6.11), with the equations (6.12) and (6.13) to obtain:

>orae ™ =Y (@)= 1)+ [wl) ¢+ (VX R) - Ve

reN* relN* w((p)

- Z Z 5i,k @iuk,

iEN ke,

after simplifying by ﬁgp. That gives

Z cr< —ﬂ) go’"_l:(ﬁxl?)~ﬁ<p—225i7kapiuk.

= @ ()

This equation means that, if w(y) = |w| (equivalently, £, = {0, ..., u—1}),

0=(VxK)-Vo- D> dipeu (6.14)

while, if w(y) # |w| (&, ={1,...,u—1}),

> e (1- L) o = @) ;iww% (6.15)

reN* w((p)

Because of the computation of H3(A, ) in Proposition 3.16, we have the direct
sum o B '
A={(VxF)-Vp|Fe Ao P Fgu,

i€EN

that permits us to conclude, using (6.14) and (6.15), that, in both cases, w(y) =
|| and w(p) # |w|, we have §;, = 0, for all © € N and k € &,, so that the sum
considered is an exact one, hence the result. O
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6.2.2 The formal deformations of {-,-}

In this part, our purpose is to consider the formal deformations of the Poisson
bracket m = {-, '}eo on F3, where ¢ is a weight homogeneous polynomial with
an isolated singularity. For this work, the Poisson cohomology that appears is the
one associated to the Poisson variety (F3 7y = {-, o)

We first need to obtained a formula for the Schouten bracket of two specific
skew-symmetric biderivations of A. In fact, for the study of the formal deforma-
tions of {-, -}w, we will see that one only has to consider the skew-symmetric
biderivations of the form FVG € A% ~ X%(A), with F,G € A (See Para-
graph 3.1.1, for the identification A% ~ X2%(A)). Let us compute the Schouten
bracket of such a skew-symmetric biderivation and an arbitrary skew-symmetric
biderivation. So let F = (Fy, Fy, F3) € A? ~ ¥2(A) and let G, H € A. We re-
call that, under the identifications in Paragraph 3.1.1, F and GVH denote the
skew-symmetric biderivations:

9 0 o 0 o 0
F'ﬂ@ 2: g Nar Th e Moy
aog_g 9,9 000 0 LO0HO 0

or Oy 0z dy 0z O 0z Or Oy

Then, with Definition (2.15), we compute the Schouten bracket [ﬁ , G VH }S €
X(A) = A,

[ﬁ,GﬁH] [z,y,2 Ga—H,SC +F G@_ij
ox dy
v

+GVH[F, 2+ G

0 OH 0 0 OH
G aRACIREAC IR AC
0 OH 0 OH OH 0F; O0H OF;
nf () g () o (205 %)
o (PHOF, OHORY |, (OHOF, 0HOF,
dy 0z 0z Oy 0z Ox or 0z

H[F), 2] + GVH[Fy,y]

:ﬁ-(ﬁx (GﬁH))ﬁ-GﬁH'(ﬁXﬁ).

According to Formula (3.1) and under the identifications of Paragraph 3.1.1, we
then have:

[ﬁGﬁHL:ﬁ-@@xﬁH)+GﬁH(ﬁxﬁ) (6.16)
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This permits us to write, with the help of Formula (3.1),
[FW,G?H]S — FVL- (ﬁG X ﬁH) +GVH- (W’ X W) . (6.17)

This equality and Formula (3.4) imply an identity that will play an important
role in our computations: if F,G, H, L € A, then:

[F VL, GﬁHL S [F VH, GﬁL] . (6.18)
According to this equation, we have, for all im € N and all 1 <4¢,j < pu—1,
Ve, o™ V| =
while, with the help of (6.17), we obtain,
[goluiﬁgo, ﬁuj}s = ﬁuj . (ﬁ(gpluz) X ﬁgo)
= —¢'Vep- (ﬁ X (u,ﬁuj)) (6.20)
= 5?0 (gpluiﬁuj) .

Now, we will use these equations to obtain the formal deformations of the
Poisson structure {-, -}W where ¢ is supposed to be weight homogeneous, with
an isolated singularity. As we have seen in Proposition 6.10, the family

(gplu,ﬁgo,ﬁur,leN,ieé’sp,rzl,...,u—l)

0, [ﬁui, ﬁu]}s —0, (6.19)

gives a F-basis of the Poisson 2-cocycles, modulo the Poisson 2-coboundaries,
where the u; are weight homogeneous polynomials of A = F[z, y, z|, whose images

in Aging = Flz, v, z]/(%—f, g—“;, g—f) give a F-basis of the Agny (ug = 1).
The following proposition gives a formula for all formal deformations of {-, -} "

up to the equivalence of deformations.

Proposition 6.11. Let ¢ € A = Flz,y,z] be a weight homogeneous polyno-
mial with an isolated singularity. We consider the Poisson variety (F3, {-, o)
associated to ¢, where my = {-,-}  is the Poisson bracket given by {-,-} =
g—f a% A % + g—“; % A a% + g—f a% A a%' This Poisson variety verifies the hypotheses
of Proposition 6.8, with:

K=(Nx&)U{l,...,u—1},

a=(cf,, ety (L) eENXxELI<r<p—1,1<a,b<n)en
0rj =" uVe, (r,j) eNxE,,

ﬁizﬁui, 1<i<pu—1

yan = E g el u; Vu,.

(1,))ENXE, atb=n
re{l,...u—1} “PENT
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In particular, for any ¢f; € F and any ¢F € F (with k € N*, (1,7) € N x &, and
1<r<pu-—1), the formula

meo={,},+ Z ", (6.21)

neN*

where for all n € N*, w, is given by:

a =b 1 =
Ty = E g ¢ G up Vuy

(1G)eENXE, a+b=n

re{l,..,u—1} a,beN* (622)
+ Z C:anj (pm ujﬁw + Z Esn 6”&
(m,j)ENXE, se{l,...,u—1}

(the sums considered are finite), defines a formal deformation of mo = {-,-},.

Moreover, as a consequence of Proposition 6.8, for any formal deformation
m, of {-,-},, there exist some constants ¢j; € F, for (1,i) € N x &, and some
elements ¢* € F, for all 1 <r < p—1, k € N*, such that 7w, is equivalent to the
formal deformation . given by the above formulas (6.21) and (6.22).

Proof. According to the fact (See Proposition 6.10) that the elements ¢" ujﬁgo
and Vu,, (r,j) e Nx &, 1 <i<pu—1give a F-basis of the second Poisson
cohomology space H?(A, ) of (A, {-, },), it suffices to show that equations (6.21)
and (6.22) define a formal deformation of 7o = {-,}.

Let us consider some constants cffi € F, for (I,7) € N x &, and some elements
ckeF, foralll<r<pu-—1,keN* and 7, = {-, b D nen- TaV", With each
T, given by:

a =b, 1 =
Ty = E E 1 G 9 up Vuy

(14)eENXE, a+b=n

re{l,..,u—1} a,be N* (623)
+ > duemuVe + > eV,
(m,j)ENXE, se{l,...,u—1}

Let us show that 7, is then a formal deformation of my = {-, '}sa' What we have
to verify (See equation (6.4)) is that the following equation holds, for any n € N,

1
53(7rn+1):§ > Immls. (6.24)
i+j=n+1
i,j>1

We have seen that, for n = 0, it becomes
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2 _
(5@ (7T1) =0.

However, according to the hypothesis (6.23), we have

T = Z c;7j¢muj§¢+ Z Eiﬁus,

(m,j)ENXE, se{l,.,u—1}

hence 1 € Z*(A, @) (62(m1) = 0, see Formula (3.14)). Now, assume that n > 1
and let us prove that the skew-symmetric biderivations 7y, ms, ..., T,11, defined
as (6.23), satisfy the equation (6.24).

By using (6.19), one obtains that % Y. [mi,mj]g will consist of six types of

i+j=n+1
ij>1
sums, listed here:
1/2 Z el et el _goluiﬁur, gomujﬁus] g (6.25)
1/2 Z o el el _gplu,ﬁur, gpmujﬁap] o (6.26)
1/2 Z i cd Con i _gplu,-Vur, gpmujV<p] o (6.27)
1/2 Z ¢l cf et —goluiﬁur, ﬁus] (6.28)
’ i s
Z i G, der | o, Vu,, ﬁus] ; (6.29)
1/2 Z(ci’i ¢l +cfel) _gplungp, Vur} ; (6.30)

where the sums are taken over the p,q € N, such that p+g=n+1and p,q > 1,
over the a,b € N such that a +b = p and a,b > 1, over the ¢,d € N such that
c+d=gqandc,d>1andover the ,meN,i,je&,andr,se{1,...,n—1}.
One can observe that for all family of indices (p, ¢, a, b, ¢, d,l,i,7,m, j, s), satis-
fying the conditions above, the indices (p/, ¢, d', 0/, ', d',U',i', ", m',j', s, defined
by:

p=b+ec d=c i' =7,

d=a+d, V=0 j =i,

r=r d=a, l'!=m,

s=s,d=d m=I,

satisfy the same conditions, so that, in the first sum (6.25), one find the element
Cl(,li 571«) CT?’L,‘]' Esd [@luiﬁum meujﬁus]g (6.31)
and the element

Iy / o / = / e
el el i el [apm WiV, o ui/Vusf]
k) b2 S
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By definition of the primed indices, one can see that this second element is equal

to ¢y & cf,; & [<pmujﬁur,goluiﬁus] , so that its sum with (6.31) gives zero,
’ ’ S
according to (6.18). This fact implies that the first sum (6.25) is equal to zero.
With analogous arguments, we will find that all the three sums (6.26), (6.27),
(6.28), (6.29) are also equal to zero. Let us give some details about this.
First, for all family of indices (p,q,a,b,l,i,m, j,r), satisfying the conditions

required, the family (p/,¢’,a’, V', l',i',m', 5/, r"), given by:

p/:b_l_qa a/:qa i/:j> l/:ma
rr=r, 0V =0, ¢=a j=1i m =1,

defines another family of indices, with the same conditions that above, so that
the second sum (6.26) contains the two elements:

a =b .q I m, <
Ci Cr Cm,j |:SO uiVur,go ujvw]sv

and

cﬁ:i, ch Cgll'd" O up Vs, gom,ujfﬁgo} = Coi el c; [gomujﬁur, <pluZﬁ<p] .
As, according to (6.18), this second one is the inverse of the first, the sum (6.26)
has to be zero.

The sum (6.27) is of the same type of the sum (6.26), so that it is also equal to
zero. Let us consider the sum (6.28), it will be analogous for (6.29), and we will not
write the arguments for (6.29). For any family (p,q,a,b,r,s,l,i) with the condi-
tions given above, we can consider another family of indices (p', ¢, a’, b, ', &', I, '),
with:

p=a+q, bV =q r=s1=I,
a=a, ¢=0b §=ri=i,

satifying the same equations, that leads to the fact that, in the sum (6.28), there
are the two elements:
67? Cl(,li E;) [(pluivura vus} g ’

and

Ef,l cﬁ:i, el |y Vi, ﬁus/] .= el of e [apluiﬁus, Vi, o
and the sum of these two elements gives zero, because of (6.18), so that the sum
(6.28) is zero.
We have then obtained that 1 > [m, 7] is just given by the sum (6.30),
i+j=n+1
ij>1
that is to say:
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2 Y mmls=12 Y Y et [fuve Vu
""Z]J::l"'l (I,i))eENxE, p+g=n+1
- re{l,..,u—1} p,qeN*
=1/2 Y S (et e 62 (goluiﬁuT),
(1G)eENXE, ptg=n+1
re{l,..,u—1} p,geN*

= > > iy (wluﬁw). (6.32)

(1,5)eENXE, pt+g=n+1
T6{1,7/,b—1} pvqu*

where, for the second equality, we used (6.20). Now, let us consider 02 (mn41).
According to the hypothesis (6.23), we have

— 1 =,
Tl = E E cf’z o' u; Vu,

(1,))eNxE, pt+g=n+1
T€{177/J‘_1} p7q€N*

FY ateuter Y atv
(m,j)ENXE, se{l,...u—1}

so that, according to Proposition 6.10,

Tnt1 € Z Z c?l Eg Sol Ug 6U7« + Z2(A7 (,0) (633)
(14)eNXE, ptg=n+l
re{l,..,u—1} p,geN*
Combining the equations (6.32) and (6.33), we obtain that (6.24) holds, hence
the result. O

This Proposition and Remark 6.9 lead to the following interesting result:

Corollary 6.12. Let ¢ € F[z,y, z| be a weight homogeneous polynomial with an
isolated singularity. Then, for all m € N*, any m-th order deformation of {-,-},
extends to a (m + 1)-order deformation of {-,},.

We point out that, in general, this property is not satisfied by any Poisson variety,
so that the particular family of Poisson varieties associated to weight homoge-
neous polynomials with an isolated singularity (F?, {-,-} ) has specific and nice
properties of deformations.

6.3 Deformations for surfaces in F3

In this section, we study the deformations of the Poisson brackets {-, -}w on F?
and {-, .}-Av on F,. We will see that, as for {-, -}W we can apply Proposition 6.8
in these cases, but in a very easier way.



6.3 Deformations for surfaces in F*3 147

Deformations of {-, -}"b

First, let us deal with the Poisson variety (F?,{-, ~}¢), equipped with its algebra
of regular functions A = F|x,y] and where ¢ € Fz,y] is a square-free weight
homogeneous polynomial. We recall that {-, ~}w is the Poisson bracket given by

0 0
R A
) 093A8y

and that we have no skew-symmetric 3-derivations on F[z,y], X*(A) ~ {0}. So

that, if

meo={, ¥+ Z T "

neN*

is a formal deformation of the Poisson bracket {-,-}", then the equation (See
Equation (6.4)), satisfied by 7,41, for any m € N:

1
52(7Tm+1) = ) Z [71‘2-,71‘]-]5 S %3(“4)
i+j=m-+1
ij>1
becomes,in this case:
52(7Tm+1) = 07

where we recall that 6* denotes the Poisson coboundary operator, associated
to (F2,{-,-}¥). This fact says, in particular, that any m-th order deformation
(Y +my+- +m™ of {,-}Y (m € N¥) extends to a (m + 1)-th order
deformation {-,-}¥ + mv + - + Tut™ + Ty1v™ ! of {-,-}¥, by choosing for
T, any 2-cocycle of (F2, {--}?).

We recall also that we have obtained in Proposition 4.11, a F-basis of the
second Poisson cohomology space of (F2, {-, -}w), as we have obtained:

(A ) = Aviy v & 30 (634
< ox’ dy >

where Ap(y) is the F-vector space of all the weight homogeneous polynomials of
A = Flz,y], of degree equal to N'(¢p) = w(¢)) — wy — wy (w; and wq are the
weights of z and vy).

Let us denote by p, the dimension (or Milnor number, see proof of Propo-

o 0
sition 4.11) of the F-vector space Agny(¢) = F[a:,y]/<a—¢, a—w> and then by
T gy
vg = 1,v1,...,v,,-1afamily of weight homogeneous polynomials of F[z, y], whose

images in Ag,g(1)) give a F-basis of this F-vector space. Let us also denote by
Vi = 2yN' W= for 0 < i < N'(¢), so that {Vo, Vi,..., Vi } is a F-basis of
Apnr ). Now, we are able to write easily all the formal deformations and m-th
order deformations of {-, -}d’, up to equivalence, as said in the following:
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Proposition 6.13. Let v € A = Flx,y] be a square-free weight homogeneous
polynomial. We consider the Poisson variety (F2, {-,-}¥). This Poisson variety
verifies the hypotheses of Proposition 6.8, with:

K={0,....N'(¥)} x{0,..., 0y — 1},
a=(a, 37, 0<1 < N'(4),0 < j < pryp = 1)nen-
By = Vi = iy iy 0 < < (),
Yan = ().
In particular, for any of € F and any B} € F (withn € N*, 0 <i < N'(¢) and
0<j<py—1), the formula

me=1{, "+ Z ", (6.35)

neN*
where for all n € N*, m, is given by:
N'(¥) py—1
= ol Vi + > Bru, (6.36)
i=0 Jj=0

defines a formal deformation of {-, -}w.

Moreover, as a consequence of Proposition 6.8, for any formal deformation of
{-, Y, there exist some constants a® € F, for 0 < i < N'(1) and some elements
B7 €F, forall0 < j < py —1 (n € N*), such that this formal deformation
is equivalent to the formal deformation ., given by the above formulas (6.35)
and (6.36).

Deformations of {-, }A¢

Finally, we consider the Poisson surface (Fy,{-,-}, ), where ¢ € F[z,y, 2] is
a weight homogeneous polynomial with an isolated singularity and F, still de-
notes the surface {¢ = 0} C F3, equipped with its algebra of regular functions
4, — Floy.]

()
We have seen in Paragraph 4.3.1, that X*(A,) ~ {0}. So that, as previously

for (F2,{-,-}"), any m-th order deformation of {-, '} 4, extends to a (m + 1)-th
order deformation.

Moreover, in Proposition 4.22, we have obtained that {p(uJﬁ(p),O <j<
p—11| w(u) = w(p) — |w|}, where p (or p,) is the Milnor number of ¢
and p : Flz,y,2] — A, is the natural projection, is a F-basis of the second
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Poisson cohomology space of (F,,{-,},, ). So that, the same arguments than

for the Poisson surface (F2,{-,-}*) lead to the following result, concerning the
deformations of {-,-} , :

Proposition 6.14. Let ¢ € F[z,y, z] be a weight homogeneous polynomial with
an isolated singularity. We consider the Poisson surface (Fy, {-, '}Aw)' This Pois-
son surface verifies the hypotheses of Proposition 6.8, with:

K={jeA{0,...,n, — 1} | w(uy)

a=(aj, 0<j <pp—1[w(wy) =m(p) = |o@])nen-

@(p) = |},

9 = p(u;Vp), 0<j<p,—1, withw(uy) =w(y) — |o,
e =0,

In particular, for any o € F (withn € N*, 0 < j < p, — 1, such that w(u;) =
w(p) — |w|), the formula

meo={,}ta * Z ", (6.37)

neN*
where for all n € N*, m, is given by:

te—1

=Y. ale(uVy), (6.38)

3=0
@ (uj)==(p)=|=]

defines a formal deformation of {-, '}A«:‘
Moreover, as a consequence of Proposition 6.8, for any formal deformation
of {+,-},, there exist some constants of € F, for 0 < j < p, — 1 satisfying

w(u;) = w(p)—|w| (n € N*), such that this formal deformation is equivalent to
the formal deformation w, given by the above formulas (6.37) and (6.38).






7

An example of x {-,-},

In this section, we consider the affine space F?, as in Section 3.2, but we want to
equip this variety with a Poisson structure more complicated than the Poisson
structure {-, '}so (See Paragraph 2.1.3), associated to a polynomial ¢ € A =
F(z,y,z]. In fact, we would like to add a singularity to the Poisson structure
that will not correspond to the singularity of the surface given by the zeros of ¢.
Our purpose would be to compute the Poisson cohomology of the Poisson algebra
(A, x{-,-},) for any weight homogeneous polynomials x, p € A where ¢ would
have an isolated singularity and with also a hypothesis on y. For example, we do
not want that y = ¢, with r € N*, otherwise, the Poisson structure X§<p would
be V ("), which is a Poisson structure on the form V&, that we have studied
in Chapter 3, but, ® = ¢"*! is polynomial with a square factor and the methods
used in Chapter 3 do not apply in this case.

As we will see, this problem is not easy and we will begin by an example,
by considering x = x and ¢ = 2" 4y + 2" that will permit us to show
the additional difficulties that appear, in comparison with the case y =1 and ¢
weight homogeneous with an isolated singularity, studied in Section 3.2.

7.1 Poisson complex of (F3,x {-, '}cp)

Let us consider the affine space of dimension three F3, with its algebra of regular
functions A = F[x,y, z]. We have seen in Paragraph 2.1.3, that, to any polyno-
mials x, ¢ € A, we can associate a Poisson structure on F3, given by

dopd 0  dpd 9  dpd D

Xode =Yg 0, 02 TNy 02 " ar T e oy

Then, according to the identifications of Paragraph 3.1.1, we can write the
Poisson complex associated to the Poisson variety (F2,yx{-, '},) in terms of el-
ements of A and A3, as we have done for the Poisson variety (F3 {-, },) (See
Section 3.2.1). In the case y # 1, we will denote by 5)'27@ the Poisson coboundary
operator of the Poisson variety (F*, x {-,-},).
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Let F € A~ X°(A) and let us compute the element 67 (F) € X'(A) ~ A°.

Op OF  Op OF
0 _ — 0 — _r _r--
00 (F)la] = x {x, F},, = x00(F) = x (az or Oy 0z ) ’

and we have an analogous equality for 67 (F)[y] and 67 (F)[z], so that we iden-
tify ) (F') with the triplet of polynomials

8 J(F)=xVF xVpe A

We point out that we have, according to the definition of the Poisson cobound-
ary operator (2.12), we have easily, for any P € XP(A) and any Fy, Fi, ..., F, € A:

6§,@(P)[F07’--7Fp] :X(;Z;(P)[Fo,,Fp]
» o (7.1)
+ > (UW{E,F}, Pl Fo,.. By By B

0<i<j<p

With this formula, it is easy to see that, for F € A3 ~ X! (A), we have

—

5)1“0 (ﬁ) = —Xﬁ (ﬁ . ﬁap) + x Div (ﬁ) ﬁcp — (ﬁ . ﬁx) Vo
and, for any F € A3 ~ X2(A),
02 (F)=—xVe- (ﬁ X ﬁ) —F. <§x X ﬁgp) .

We deduce from these writings of the Poisson coboundary operator, a writing of
the Poisson cohomology spaces, denoted by H*(A;x, ), of the Poisson variety

(F% x {--},):

H(A; X, ¢) = Cas(A;z,90) ~ {F € A| XVF x Vo =01},

{Fe A | —xV(F - V) + x Div(F)Vy — (ﬁﬁx) Ve =0}
{(Y\VFxVyp|FeA}
Xﬁap-(ﬁxﬁ)%—ﬁ-(ﬁxxﬁp) =0}

HY(A;x,¢) ~

Y

{F e A

H?*(A; x, @) ~
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It is clear that, for any x # 0, we have:

H(A;x, ) = HY(A, ) @Fso,

that is to say the Casimirs of x {-,-}  are the same as those for {-,-} .
In this chapter, we will determine H3(A; x, ¢) and H'(A;x, ) for the partic-
ular case

X =z, (p:gpn;:%ﬂ(xn+1_'_yn+l+zn+l)7nZl.

We point out that we are now in the homogeneous context, so that the weights
of the three variables are equal to 1 and the Euler derivation is denoted by € and
given by (under the identifications of paragraph 3.1.1)

e=(r,y,2) € A%

7.2 The space H?(A; x, p,)

Let us study the third Poisson cohomology space H3(A;z,p,), for the Pois-

son variety (F3 z {-, -}%), where ¢,, denotes the homogeneous polynomial ¢, =

— (a" Tyt 4 2", which admits an isolated singularity (n > 1).
According to the above section 7.1, we have:

T P L —
{xVapn-(VxF)+F-<Vxngpn> | Fe A%}

We have, moreover, Va x Vi, = (0,—z",y") € A3 Let us begin by given
the following result that will appear in the determination of H3(A;x, ¢,). In this
lemma, we will consider the polynomial algebra Fly, z] and use analogous nota-
tions to those introduced in paragraph 4.1.1. Moreover, we denote by (wg)1<r<n2
the family of monomials 72/, 0 <i<n —1,0<j <n — 1. So that,

Zn GBFw (7.2)

(y",

and we denote by 1, the homogeneous polynomial ¢, = —5 (3" + z"™'), so

that +Zzn] is the algebra of regular functions on the surface {v, = 0} C F2.

Lemma 7.1. We have the following isomorphism of F-vector spaces:

{y oP ]2[1%] }N@ @ Fvnue

az Z—|P€F[y7]
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In other words,

Fly, 2] ~D D Foiw,

{ﬁp Vi, | P e F[y,z]} iEN k=1,...,n2

where ﬁp = (%—I:, —%—5) and 6@% = (aaﬂ awn> (notations inspired from those
in Paragraph 4.1.1).

Proof. According to (7.2), any homogeneous polynomial F' € F[y, z| of degree
d € N can be written as:

2

F=G-Vi,+ ) cpuy, (7.3)

k=1

where G = (G1,Gs) € Fly, 2]2, with Gy, G, two homogeneous polynomials of
same degree d — n, and where ¢;, € F, for k = 1,...,n?. Our purpose is to show
that there exist P € F[y, z] and some constants o € F, such that

F = 7’?]3 . ﬁ'l/fn + Z Z Qj ke @Dﬁl W . (74)

JEN k=1

We will proceed by recursion on the degree d € N. If d < n, then G = (a,b) € F?
and, by writing G = ﬁ(az_by) in (7.3), we obtain a writing of the form (7.4).

Now, let d > n + 1 and let us suppose that for any homogeneous polynomial
F € Fly, 2] of degree less than d — 1, an equality of the form (7.4) holds. Let us
consider now F' € F[y, z] a homogeneous polynomial of degree d. We know that
F admits a writing of the form (7.3). Then, we have

Div (é . #ﬂ Div (é) é) —0,

according to Formula (4.5). Using the exactness of the de Rham complex (See
Proposition 4.1), we have the existence of a homogeneous polynomial @ € Fly, 2|,
satisfying

. 1 AN L o
G = mDIV (G) e‘l‘HQ,
so that,
- = n+1 . (A - =
G-V, = - Div (G) U + Ho - Vibn. (7.5)

—

Because the Div(G) € Fly, 2] is a homogeneous polynomial of degree equal to
d—n—1 < d—1, by recursion hypothesis, there exist P € F[y, z] and some
constants (3, € F, satisfying
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Div (C_j) = ﬁp . ﬁwn + Z iﬁzk WL wy.

1€EN k=1

Now, by considering Equations (7.3) and (7.5), we obtain:

2
n+1 = - = &
pp—— iv Vn +Hg - VY —i-;ckwk
. on+1 n+1 i1,
= e wn+zzd e
€N k=1
’I’L2
‘l'ﬁQ'ﬁ’l/Jn—FZCk’wk
k=1
=Hp - Vb + SN e,
JEN k=1
1 1
where P’ = #H¢nP+Q € Fly,z] and ;) = dq_l;ﬂ] Lk, for j € N*,

while g = ¢, hence the result. O

As a consequence of this result, we obtain easily the following analogous in
Flz,y,z].

Proposition 7.2. Let us still denote by p,, and 1, the homogeneous polynomaials

on = 5 (@ 4y 4 2T and ¢, = 2 (y" T+ 2. Then we have

F[a:_:y,z] 2@ @ F ! 27 wy.

{(ﬁx X ﬁapn) -VP|PEe F[:L’,y,z]} ieN g=1

Proof. Let F' € F[z,y, z] be a polynomial in the three variables x, y and z. Then,
we can write F' as follows .
F = Z ,’L‘ZFZ'(y, Z),

where, for all i € N, F; € Fly, z]. According to the above Lemma 7.1, there exist
some polynomials P, € F[y, z] and some constants ¢; j, € F such that, for i € N,

E:y %P Z Z Czyk¢ Wy

As
0P,

Yoz Z@y

and
1 (Vo x Vign) - VP = (Vo x Vi) - ¥ (o),

we then obtain the desired result. O
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Now, let us give a F-basis of the third Poisson cohomology space of (F?,z {-,-}_ ).

Proposition 7.3. We recall that o, denotes the homogeneous polynomial p,, =

—= (a"! 4yt 4 2", The third Poisson cohomology space of the Poisson va-

: 3 S :
riety (F°,z{-,-} ) is given by:

Flx,vy, 2]

(A7 xz, Spn) CaS(A’ 90") ® <LL’”+1, yn’ Z”> ’

where we recall (from Proposition 3.11) that Cas(A,¢,) = Cas(A;z,¢,) =
Dicn Fer,-

Proof. Let F € A = F[x,y, z] be a homogeneous polynomial. According to Propo-
sition 7.2, there exists P € F[z,y, 2] such that

FE(ﬁxxﬁapn)-ﬁPjLZ Z F ! 27 wy,.

We point out that
<§x X ﬁgpn> VP = —§? n(ﬁP) € B*(A; 1, p,), (7.6)

so that,

Now, let us consider the elements ! z7 wy, for j > 2. For j > 2, we can write
by, wy, = 2? (¢, 272wy,

and, according to the determination of H3(A, y,,) in Proposition 3.16, there exists
Q € A3, such that

YL 2?2y, € ﬁgon : (ﬁ X @) + Z Fopus.
0<s<p—1

As, with the help of Formulas (3.1) and (3.4), 62 (—z@) = 22V, - (ﬁ X @),

7 UL, Pn

we have, for j > 2,

Yol wg € B Az 00) + Y Fohalu,.

So that, we have now obtain

n2 n2 pn—1
A= B*(A;z,0,) +Z Z F@b;wkjtz Z F@DZwakjLZZ F ¢ 2%u,.

€N k=1 JjeEN k=1 reN s=1
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Let us now study the elements 17 wy and 1 x wy. Our purpose is to relate it
to the elements ¢ wy, and ¢! x wy.

As o, =, + nLH:E"H, for all j € N, there exists ¥; € A, satisfying

o 1 - . il
=l + 2" and wi Yl = wi @l + 2" w Y.
Because n > 1, we can consider :L’"_l!I/j and use one more time the writing of

H3(A, p,) in Proposition 3.16 to obtain the existence of elements én,j € A3
such that

reN
0<s<p—1
As previously, 22V, - (6 X ﬁnj) = 02, (—xﬁnJ) € B*(A;z,p,), and we
obtain
2", Uy € B*( Az, 0,) + Z Fo’ v%u,
reN
0<s<p—1

and

wi ) € B (A, o) +wp 0l + > Folatu,.
0<s<p—1

Writing wy, z¢) = wix ¢l + 2" 2w, ¥; and an equality for 2wy ¥;, analogous
to (7.7), leads to

wi sl € BX( Az, n) +wrwgl + Y Felalu,
0<sp—1

We have then obtained

n2 77/2
A:Bz(A;x,apn)+Z Z F(pf@wk+z Z F o/ 2wy,

iEN k=1 JEN k=1
pn—1
r 2
—|—E g F o,z us
reN s=1

2 2

= B*(A; 7, 0,) + Z Cas(A; x, o) wi + Z Cas(A; x, pn) T wy,
k=1 k=1

pn—1

+ Z Cas(A; z, ¢,) °us,

s=1

where we have seen that Cas(A; z, ¢,) = Cas(A, ¢n) = @,cn Fl,
We now point out that

n—1

{us} = {wg, zwy,, ..., 2" wy. },
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so that,
{wi} U {ow} U {2?u} = {wy, zwy, . . ., 2" twg, 2wy, 2wy},
where s =0,...,u—1, k=1,...,n% thus,
n? n+l
A= DB*A;z,0,) + Z Z Cas(A; z, o) r'wy, (7.8)
k=1 i=0

Finally, let 1 < k < n? and let d; € N denote the degree of the monomial wy,.

Denoting by W, € A3 the element Wk = (0, ﬁ Wk 2, ﬁil wky>, we compute
52 (Wk) = —xﬁ@n . (ﬁ X Wk> — Wk . <§x X ﬁapn)

T,Pn
_ 1 xn+1 (—211} 8wk Z@wk)

&+ 1 Ty T Tz
1 n+1 n+1
o (=" wp —y" )
| n+1
= wk—i_di—'—lgpnwk,
where we have used Euler’s Formula in Fy, z], for wy: yaa—? + zaawzk = dj wy.
According to (7.8), that leads to
TL2 n
A= B*(A;x,0,) + Cas(A; z, o) T'wy,. (7.9)
k=1 i=0
According to the definition of the elements wy,
F
2.4, 7] ~ Fuw, @ Frw, @ Folw, @ - - - @ Fa"wy, (7.10)

<xn+1’ yn’ Z”)

so that, it remains to show that the sum in (7.9) is a direct one. To do this, let
us suppose the contrary. Then, we denote by jo € N, the smallest integer such
that there exist an equation of the form:

n TL2
S S et =2, (F) = o, (9 F) - F- (o x ¥p,).
jzjo =0 k=1
(7.11)
where F € A3, a; 1, € F and oy, jox, # 0, for at least one 0 < iy < n and one

1 < ko < n?. We will see that such a hypothesis leads to a contradiction.
First, assume that jo = 0, then Equation (7.11) leads to
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O‘zokxwk—g E E oz”kanwk

=0 k=1 7>1 i=0 k=1
—ngon . (ﬁ X ﬁ) —F. (ﬁx X ﬁapn)
c <xn—i-17 yn’ Zn>.
According to (7.10), this implies a0 =0, forall 0 <i<mand all 1 <k < n?,

which is in contradiction with the hypothesis.
Now, suppose that jo > 1. Then, the equation

Z > o' ehun = sV (Vx F) — F- (Va x Vo) o)
= (~a (Vx F) = F x V2) - V.

with the Euler Formula (3.5) and the exactness of the Koszul complex in Propo-
sition 3.5, leads to the existence of an element H € A3, such that

S SS O e oS B P Ges B (119
n+1
j>]0l 0 k=1

where, moreover, we can divide H by x and obtain a writing as follows
H=2G+1L, G e A, EGF[y,z]g. (7.14)
Let us compute the inner product of the equation (7.13) with Vi,
n n2
SIS Gk ittty - (§x F) - Vot - (T x T)
— £ n+l
Jj=jo =0 k=1
=— (6 X ﬁ) ﬁx%—z@ (ﬁcpn X ﬁ:):)
L (ﬁgpn x §x> . (7.15)
This last equality permits us to write
L- (ﬁ(pn X 61’) € (z),
while, as Le Fly, 2], we have L. <§gpn X ﬁx) € Fly, |, so that,

L (%n x %) ~0 (7.16)
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and, dividing by z in (7.15),

Zzzn:kyf%@n —(ﬁxﬁ>§x+@<ﬁgpnxﬁx> (7.17)

j>jo i=0 k=1

Moreover, (7.16) can be written as follows
Lyz" = Lay™,
so that, there exists L € A, such that
Ly=y"L, L3z=2z"L. (7.18)

Let us now compute the divergence of the equality (7.13) and obtain, using
Formulas (3.6) and (3.2),

HHS S (i (n+ 1) — D)+ 7 +3) 2l

= = (7.19)
— 0¥ (ﬁxﬁ) + (vxﬁ) Vo,

As H = 2G + L, with Formula (3.1), we have

(V= H) Vou=2 (VxG) Vou+ G (Vo x Va) + (Vx L) Vo,
and, using (7.18) and the fact that L € F[y, z)?,

600) S (2 8) (0] ()
o (st () ()
dy 0z 0z dy
:—z"(— a—L—l—%)—i—y"( x 8_L+8L1)
dy Oy 0 0z
- (% X wn) VK =82, (—W{) ,

where K = —z"L + L; € A. Let us consider the sum of the equation (7.17),
multiplied by —2, and the equation (7.19), to obtain

ZZZ S (i 4 (0 )~ 1)+ b+ 1) 7'l

7>j0 i=0 k=1

= —2G - (ﬁapnxﬁx) + <§Xﬁ> 'ﬁ%z
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We can now write
ZZZ a”Hk( (n+1)j +d, + )xicpzlwk:éfw (—é—ﬁK),
n-+1 en
>4 =0 k=1

where jj = jo — 1, so that, we have obtained an equation of the form (7.12), but
with j{ < jo, that contradicts the hypothesis. We conclude that the sum in (7.9)
is direct. 0O

7.3 The space H'(A; x, ¢,)

In this section, we will determine the first Poisson cohomology space of the Poisson
variety (F°,z {-,-} ). We recall that we have

H'Y (A2, ¢4)
{13 c A | —x ﬁ(ﬁ . ﬁapn) +x Div(ﬁ)ﬁgpn — <ﬁ . §x> ﬁ(pn = 5}
{xﬁFxﬁapn\FEA} '

We first need the following result:

Lemma 7.4. We consider the polynomial algebra F[y, z]. We recall that we de-
note by 1, the homogeneous polynomial 1, = ——(y"*1 + 2"*1). Let K € Fly, 2]

n+1
be a homogeneous polynomial satisfying
L OK L, OK 0
— —2"—=0.
4 0z oy

Then, there exist c € F and s € N, such that:
K=c(y*+ Z"H)S =c(n+1)%;.

Proof. The proof of this lemma is inspired by the proof of Proposition 3.11. It
is also a particular case of Lemma 4.9. But we will here give a direct proof of
this result, for this case. Let K € F[y, z] be a homogeneous polynomial of degree
d € N, with y"9& = ;n2k 8K . Then, there exists L € F[y, 2], such that
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0K OK _ nf
e - = Z
ay Yy ) az )

and Euler’s Formula in F[y, z], d K = ay 9Ky + 2K leads to:

0K 0K
dK_ﬁ—y tg = (y" +2")L = (n+ 1), L,

so that, K € F or L divides K. Let us suppose that we have written K as
= ¢’ H, where H € F[y, z] is a homogeneous polynomial, not divisible by ,,.
We write

OK (9K_w(8H 8H)

0=v"5r —*" %y 9: " oy

so that y" 5~ OH _ "%I; = 0 and, according to what we have seen previously, H € F,

because, 0therw1se, ¥, divides H, that contradicts the hypothesis. Hence the
result. O

Before giving a F-basis of H'(A,x {-,-} ), we prove another result that will be
useful in the determination of this basis.

Lemma 7.5. We consider the Poisson variety (F3, z {-, -}%), equipped with its
algebra of regular functions A = Flz,y, 2] and we recall that 1, = —=(y"' +

+1
2" and @, = 25 (@™ y" T 4 2. For any s € N, we have

(s (ﬁx X ﬁg%) €y (ﬁ:v X ﬁgon> + BY( Az, 0,).

Proof. We will proceed by induction to prove that, for any s € N, there exists
F, € A, such that

w2 (% x Wn) _— (% x %n) +8°, (F)). (7.20)

If s =0, its clear that it suffices to chose Fy = 0. Assume now that » € N* and
that for all 0 < s < r, there exists F; € A satisfying the equality (7.20). Let us
compute

0 0 (1) =2V () X Vi,
= e (Vo x Vi)
=7yt (0,2 2", —y" ")
= —popi gt (6:6 X ﬁapn)
= —r(n+1) ¢ pu (Vo x Vo)
+r(n+1)y, (61’ X ﬁcpn) :
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So that, using the induction hypothesis, we have

Uy, (% X ﬁ%) =0y (ﬁ%) + oy (% X 5%)

0

1 L
= 5m,e0n <mw;) + ¥n 90;_1 (V{E X v¢n>
+¢n 52,% (Fr-1)
=4 <#W+go F_l) + ¢l (ﬁxx Ve )
e \r(n4+1)"" e n ")

thus,

U (ﬁx X ﬁ%) = 0y, (F) + &), (% X ﬁpn) ,
where F,. = ﬁ% + @, F,_1 € A and we have obtained the equality (7.20), for
all se N. O

Now, let us give a basis of the F-vector space H'(A; x, ©,,).

Proposition 7.6. Let (F3,x{-,-}%) be the affine space of dimension three,
equipped with the Poisson bracket x{-,-}, and with its algebra of regular func-
tions A = Flz,y, z]. The first Poisson cohomology space of the Poisson variety
(F3, 2 {-, by, ) 18 given by:

Cas(A, v,) (ﬁx X ﬁ(pn) if m#1;

H'(A; 2, 00) . N
Cas(A, ¢,) €® Cas(A, p,) (Va: X Vgpn> if m=1,

(7.21)

where we recall (from Proposition 3.11) that Cas(A, p,) = Cas(A;z,p,) =
Dien Feol

Proof. The proof of this result is inspired by the proof of Proposition 3.14. Let Fe
A% ~ X!(A) anon zero homogeneous 1-cocycle, i.e., F is a triplet of homogeneous
polynomials that satisfies

sl A = (7 & . (2 & - = -
0=4,,, (F) =—aV (F : Vgon) + z Div (F) Vion — (F - W) Von. (7.22)
By computing the cross product with ﬁgon, this equation leads to
V (F-Vn) x Vi =0,

ie., F- Ve, is a Casimir for the Poisson algebra (A, {-, },,). Proposition 3.11
then implies that there exist ¢ € F and r € N*, such that

- r C r—1 v —
F-Yo,=cy, = " o 'V, e (7.23)
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where we have used Euler’s Formula (3.5). The exactness of the Koszul complex
associated to ¢, (Proposition 3.5) permits us to write

— C — —
F=——¢ e+ G x Vo, 7.24
e €T G X Ve (7.24)

where G € A3 is a homogeneous triplet of polynomials. By replacing F- ﬁgon by
c el (according to (7.23)) in the 1-cocycle condition (7.22), we get,

0=—aV (ﬁﬁapn> + x Div (ﬁ) ﬁgon — (ﬁﬁx) ﬁapn
= —caV () + x Div (ﬁ) Vo — (ﬁ . ﬁx) Vn
= —cr xgpz_lﬁapn + 2 Div (ﬁ) ﬁgpn - (ﬁ . ﬁx) ﬁgon,
so that we obtain, by replacing F by Formula obtained in (7.24) and using For-
mulas (3.2) and (3.3),
c

— r—1 _ r—1
0= —crzy +n+1((n—i—1)(r 1)+ 3)z e,
— . — — . r—1 B — . — —

+x Vo, (V X G) T [¥n T G (an X Vm)

— _C(:;ll)gpz_lx + 2V, - (ﬁ X @) +G- (ﬁx X ﬁg%) :

Another writing of this equality is:

C(:_:ll)goz_lx = xﬁgon . (ﬁ X C_j) +G- (ﬁx X ﬁapn) = 5:%7% <—C_j> )

According to Proposition 7.3, we have necessarily ¢(n — 1) = 0 and
xﬁgon . (ﬁ X C_j) +G- (ﬁx X ﬁapn) = 0. (7.25)
We write G as follows:
G=zH+K, HeA KecFly,

and replace this writing in (7.25), thus, with Formula (3.1),

That implies, as K e Fly, 2]3,
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K- (Vo x Vg, ) € Fly, 2] 0 {z) = {0},
i.e., 2" Ky = y" K3, that leads to the existence of L € F[y, z] such that
Ky=y"L, Ks3=2z"L.

We have also, as K - (ﬁx X ﬁ¢n> =0and K € Fly, 22,

Ve, - (ﬁxﬁ) = —Von- (ﬁx[?)

(OKs 0K, WKy 0K (7.26)
- — R — — JR— A —
oy 0z Y o2 oy’
so that,
0K, 0K,
" - 2" F = )
V'~ © ly, 2] N (x) = {0}
According to Lemma 7.4, there exist § € F and s € N such that
Ky = By, (7.27)
so that . . .
K= (BvY;, y"L, 2"L) = LNV ¢, + (B¢, — 2"L) V. (7.28)

Moreover, equation (7.26) implies

. — n—1 _3 o _2 — _ n—1 n-—~ . n’™
Vien (V % H) o ( oy 0z ) v (z oy 4 8z)

=V, - (ﬁ X (x”_lLﬁx)> .
We have so obtained
ﬁgon . (6 X (FI — x"_lLﬁx)) =0
and, according to Corollary 3.9, there exist P, () € A, such that:
H—z""'LVz =VP+QVy,
and, with also (7.28),
G=zH+K
— 2" LVz + 2V P +2QV ¢, + V¢, + (3¢ — 2"L) Vz
= 2VP + 2QVe, + LV, + 12 V.

Now, using Equation (7.24), we have
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F= o+ VP x ﬁapn + By (ﬁ:c X ﬁgpn>

orle+ 52,%(P) + B¢ (62: X 6@1) )

n+1
c

n+1

Lemma 7.5 then says that

F e ng_léjL F o) (ﬁx X ﬁ@n) + BY(A;z, 0,).
n+1

As we have seen that ¢(n — 1) = 0, we have:
Fe B Az, on)
Cas(A, ¢,) (ﬁx X ﬁapn) if n#1;
Cas(A, p,) €+ Cas(A, p,) (ﬁa: X ﬁgpn> if n=1.

We have so obtained

Cas(A, v,) (ﬁx X ﬁ¢n> if n#1;

HY(A; 2, 0,) C - -
Cas(A, pn) €+ Cas(A, pn) (V:)s X Vapn) if n=1.

(7.29)

The other inclusion is clear as soon as one has verified that, if n = 1, then

Oy (€) =0,
but

5:}:7301 (€)=—x \Y (5- ﬁ(,m) + x Div (€) ﬁ(pl — (5- ﬁa:) Vi
= -2z ﬁgol + 3x ﬁapl —x ﬁapl
= 0.

It remains to show that the sum in (7.29) is a direct one. To do this, we consider

a homogeneous polynomial F' € A of degree d € N, some constants a, 3 € F,
with @ =0, if n # 1, and r,;s € N, such that

ap, €+ o) <ﬁx X ﬁ(pn) =0y, (F)==x <§F X ﬁapn) . (7.30)
By computing the inner product of this equation with ﬁgon, we obtain
a(n+ 1)t =0,

so that a = 0, even if n = 1. We now recall that ¢,, = —5 ("' +2""). As

On = Yp + %H:E"“, for any s € N, there exists ¥, € A, satisfying

Y8 = f + 2",
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Then, we have

x <§F X ﬁapn) = B (ﬁx X ﬁapn)
=[G (ﬁx X ﬁ¢n> By, (ﬁx X V(pn)

We get
B, (ﬁf X ﬁ%) € A’ NF[y, 2)° = {0},

so 3 = 0 and the sum in (7.29) is direct. Hence the desired writing of H'(A; z, ¢,,).
g

Remark 7.7 (Modular derivation). In this section, we have consider the affine
space of dimension three F3, equipped with a Poisson structure x {-,-} " where
X, € A=TF[zx,y, z| are two (weight) homogeneous polynomials. As there exists
a volume form A = dz A dy A dz in this context, we can compute the modu-
lar derivation of the Poisson variety (F2, y {-, '},). We have, by definition (See
Paragraph (2.2.3)):

#(Div(x {-,-},)) =d = (x{-,-},) =d(xdp) =dx Ady,

so that, Div(x {-,-},) = Vy x Vo € X'(A), under the identifications of Para-

graph 3.1.1. We have seen that, for any n € N, Vi X ﬁ(pn induces a non trivial
Poisson cohomology class in H'(A; x, ©,,).

Moreover, as ¢ is supposed to be a weight homogeneous polynomial with an
isolated singularity, if VX X Vgp = 0, according to Proposition 3.11, y € Fo",
with » € N and we explained in the introduction of this chapter that we do
not want to chose x in F¢". So that, we can not apply Proposition 2.28 in the
context of this last chapter, but we do not still know if the Poisson cohomology
and homology spaces are isomorphic or not.
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