Height zeta functions on generalized projective toric varieties.
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Abstract. In this paper we study the analytic properties of height zeta functions associated to
generalized projective toric varieties. As an application, we obtain asymptotic expansions of the
counting functions of rational points of generalized projective toric varieties provided with a large
class of heights.

Mathematics Subject Classifications: 11M41 ,14G10, 14GO05.
Key words: Manin’s conjecture, heights, rational points, zeta functions, meromorphic
continuation, Newton polyhedron.

1 Introduction and detailed description of the problem

Let V be a projective algebraic variety over Q and U a Zariski open subset of V. We can study
the density of rational points of a projective embedding of U by first choosing a suitable line bundle
L' that determines a projective embedding ¢ : U(Q) <+ P"(Q) for some n. There are then several
ways to measure the density of ¢ U(Q). First, we choose a family of local norms v = (vp)p <o Whose
Euler product H, =[], v, specifies a height H, on ¢ U(Q) in the evident way. It suffices to set
Hp (M) :=H, (¢(M )) for any point M € U(Q).

By definition, the density of the rational points of U(Q) with respect to H. , is the function

B — Nz.o(U,B) == {M € U(Q) | Hz.,(M) < B}.

Manin’s conjecture (see [8] for more details) concerns the asymptotic behavior of the density for
large B. It asserts the existence of constants a = a(L), b = b(L) and C = C(U, L, v) > 0, such that:

Nr.o(U,B) = C B*log B)*"'(1+0(1)) (B — 400) (1)

A tauberian theorem derive the asymptotic (1) above from the analytic properties of the height-zeta
functions defined by the following:

Zeo(Uss)i= > Heo(x)™* (2)
xeU(Q)

For nonsingular toric varieties, a suitable refinement of the conjecture was first proved by Batyrev-
Tschinkel [2]. Improvements in the error term were then given by Salberger [24], and a bit later by
de la Breteche [5].
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'technically, one should have that the class of £ in the Picard group of V is contained in the interior of
the cone of effective divisors



Each of these works used a particular height function H.,. The most important feature is its choice
of v , which was defined as follows:

Vy = (y17 s 7yn+1) € ng—‘rl(: Rn+1)a Uoo<y) = mzax|y2|

Although this is quite convenient to use for torics, there is no fundamental reason why one should
a priori limit the effort to prove the conjecture to this particular height function. In addition, since
the existence of a precise asymptotic for one height function need not imply anything equally precise
for some other height function, a proof of Manin’s conjecture for toric varieties and heights other
than H is not a consequence of the work cited above.

In this paper we will study zeta function and the density of rational points on generalized projective
toric (also called binomial) varieties equipped with a large class of heights.

Following B. Sturmfels (see §1 and lemma 1.1 of [27]) , we define here a generalized projective
toric variety as follows:

V(A):={(x1: - :xpt1) € P*(Q) | H aih = H w V=1, 1}

j=1,...,n+1 j=1,...,n+1
a; >0 a; <0
where A is an [ X (n + 1) matrix with entries in Z, whose rows a; = (a;1,...,a;n+1) each satisfy

the property that Z;lill a;; =0.

This stands in contrast to common practise in algebraic geometry (see [9]), where toric varieties are
assumed to be normal (this follows from the construction of toric varieties from fans). Normality
(and therefore smoothness) imposes strong combinatorial restrictions on the matriz A (see §2 of
[27]) for more details). We don’t assume such conditions here and the reader should consider

this fact when comparing our results with those obtained in earlier works cited above.

The heights or (generalized heights) we consider here are defined as follows:

Let P = P(Xy,...,Xn+1) be a generalized polynomial (i.e. exponents of monomials can be arbitrary
nonnegative real numbers) with positive coefficients, elliptic on [0,00)"*! 2 and homogeneous of
degree d > 0. To such P, we associate the family of local norms v, on Qp*! (p < o0) by setting,
vp(y) = max |y;|, for any p < oo and y = (y1,...,yn+1) and 3

1/d

Voo (¥) = (P(lyal, - - [yntal)) vy = (Y1, Ynr1) € QT

A simple exercise involving heights then shows that the height Hp associated* to this family of local
norms is given as follows. For any x = (1 : -+ : Zp41) € P*(Q) such that ged(z;) =1:

Hp(x) == (P(lz1],- - |20 ]) (3)

Very little appears to be known about the asymptotic density of projective varieties for such heights
Hp. A few earlier works are [21], [12] or [28], but these are limited to very special choices of P.
In particular, the reader should appreciate the fact that none of the general methods developed to

2P is elliptic on [0,00)™T! if its restriction to this set vanishes only at (0,...,0). In the following, the
term “elliptic” means “elliptic on [0, 00)™** 7.

3If P is a quadratic form or is of the form P = X + ... + XzH, then clearly the triangle inegality
is verified. However, in order to preserve height under embedding, the definitions of metric used to build
heights (see for example ([22], chap. 2, §2.2) or [21]) do not assume in general that the triangle inequality
must hold.

“Precisely, this is the height associated to the pair (:*O(1), v) where ¢ : V(A) — P"(Q) is the canonical
embedding, O(1) is the standard line bundle on P"(Q), and v = (vp)p<oco is the family of local norms. For
simplicity this height is denoted Hp.



study the asymptotic density with respect to Ho, can be expected to apply to any other height Hp.
To be convinced of this basic fact, it is enough to look at the simple case where V' = P*(Q) and
U={(z1,.- - @nt1) €EP"(Q) | z1...2n+1 # 0}. In this case, an easy calculation shows that

Ny (U;t) = 2"#{m € N"™! | maxm; <t and ged(m;)) = 1} = ——— + O(t"). (1)

On the other hand, if P = P(Xq,...,X,+1) is a homogeneous elliptic polynomial of degree d > 0
(for example P = X¢ 4+ --- 4+ X2 ), we have

27l
Ni,p(U;t) = 2"4#{m € N**1 | P(m) < t? and ged(m;) = 1} ~ W#{m e N"*1 | P(m) <t}.
The asymptotic for the second factor in (x2) is given by
1 —(n
#{m e N"*1 | P(m) <t} ~ C(P;n)t""!,  where C(P;n)= i /SnmR"“ P, ( +1)/d(v)do(v),
+

S™ denotes the unit sphere of R™, and do its Lebesgue measure. This is a classical result of Mahler
[17]. It should be evident to the reader that this cannot be determined from the asymptotic for the
counting function of (x1).

Our results are formulated in terms of a polyhedron in [0, 00)" !, which can be associated to V(A)
in a natural way, and, in addition, the maximal torus U(A) := {x € V(A) : 21 ...zp41 # 0}.

The first result, Theorem 1 (see §3), establishes meromorphic continuation of the height zeta function

Zu,(U(A);s) = Z Hp(x)™® beyond its domain of convergence and determines explicitly the
xc€U(A)

principal part at its largest pole (which is very important for applications).

In the case of projective space P™(Q) the height zeta function Zp, (U(A);s) reduces to the study of

Dirichlet’s series of the form Z(Q;s) = > cx» @(ma, ..., my,)~° where @ is a suitable polynomial

and the analytic properties of this last series are closely related to the nature of the singularity at

infinity of the polynomial Q (see [19], [17], [7], [25], [16], [11],..).

An important feature of Theorem 1 is the precise description for the top order polar term of

Z1,(U(A);s), in which one sees very clearly the joint dependance upon the polynomial P that defines

the height Hp and the geometry of the variety V(A). In my opinion, this joint dependence upon

the nature of singularity of P at infinity and the geometry of the variety deserves to be completed

in an even more general setting.

As application, Corollary 1 (see §3), shows that if the diagonal intersects the polyhedron in a compact
face, then there exist constants a = a(A),b=b(A) and C = C(A, Hp) such that

Nu, (U(A);t) := #{x € U(A) : Hp(x) < t} = C t*log(t)""" (1+0 ((logt)™"))) ast — oo.

The constants a and b are also characterized quite simply in terms of this polyhedron. The second
part of Corollary 1 refines this conclusion by asserting that if the dimension of this face equals the
dimension of V(A), then C' > 0. In this event, we are also able to give an explicit expression for C,
the form of which is a reasonable generalization of that given in (x2).

Our second main result uses the fact that we are able to give a very precise description of the
polyhedron for the class of hypersurfaces {x € P*"(Q) | z'...a%" = xlﬂl} The particular case
of the singular hypersurface {x € P"(Q) | z1...x, = x;,}, provided with the height H.,, was
studied in several papers ([2], [3], [13], [14], [1]). However, besides a result of Swinnerton-Dyer [28]
for the singular cubic X; Xo X3 = X3 with a single height function not H,, nothing comparable to

our Theorem 2 appears to exist in the literature.

(x2)



All our results above follow from our fundamental theorem (i.e Theorem 3 in §3.2) which is the main
ingredient of this paper. This allows one to study analytic properties for “mixed zeta functions”
Z(f; P;s) (see §3.2.2), and in particular, to determine explicitly the principal part at its largest pole.
Such zeta functions combine together in one function the multiplicative features of the variety and
the additive nature of the polynomial that defines the height Hp.

2 Notations and preliminaries

2.1 Notations

1. N={1,2,...}, Ng = NU {0};

2. The expression: f()\,y,x)<, g(x) uniformly in x € X and A € A means there exists A =
A(y) > 0, such that, ¥Yx € X and VA € A |f(\,y,x)| < Ag(x);

3. For any x = (z1,..,2,) € R", we set ||x]| = [|x]2 = V2% + .. + 22 and |x| = |z1] + .. + |74
We denote the canonical basis of R™ by (eq,...,e,). The standard inner product on R™ is
denoted by (.,.). We set also 0 = (0,...,0) and 1 = (1,...,1);

4. We denote a vector in C" s = (s1,...,sy), and write s = o + i7, where o = (01,...,0,) an
T = (71,...,7y) are the real resp. imaginary components of s (i.e. o; = R(s;) and 7, = I(s;)
for all 7). We also write (x,s) for ), ;s; if x € R",s € C";

5. Given o € NjJ, we write X for the monomial X7 --- X2, For an analytic function h(X) =
Y o GaX®, the set supp(h) := {a | aq # 0} is called the support of h;

6. f:N" — C is said to be multiplicative if for all m = (mq,...,m,), m' = (m},...,m),) € N*
satisfying ged (lem (m;) ,lem (m})) = 1 we have f (mim/},...,mym.) = f(m).f(m’);

7. Let F' be a meromorphic function on a domain D of C™ and let S be the support of its
polar divisor. F'is said to be of moderate growth if there exists a,b > 0 such that Vé > 0,
F(s) <o.5 1+ |7|*1H? uniformly in s = o + iT € D verifying d(s,S) > 4.

2.2 Preliminaries from convex analysis

2.2.1 Standard constructions

For the reader’s convenience, some classical notions from convex analysis that will be used throughout
the article are assembled here. For more details see for example the book [23].

o Let A= {a',...,a?} be a finite subset of R".

The convex hull of A4 is conv(A4) := {>L Nia® | (A1,..,A) € RY and 37 | A, = 1} and its
interior is conv*(A4) := {31, M | (A1,..,Ag) € RGT and Y7, A\ =1}

The convex cone of A is con(A) := {3°L_ hia' | (A1,...,Ag) € RL} and its (relative) interior is
con*(A) = {37 N | (A,...,Ag) € R}

e Let ¥ ={xecR} |(B,x)>1VBc I} where I is a finite (nonempty) subset of R} \ {0}. ¥ is a
convex polyhedron of R \ {0}.
1. Let a € R} \ {0}, we define m(a) := infyxex(a,x) and the face of ¥ with polar vector a (or
the first meet locus of a) as Fx(a) = {x € ¥ | (a,x) = m(a)};
2. The faces of ¥ are the sets Fx(a) (a € R\ {0}). A facet of ¥ is a face of maximal dimension;



3. Let F be a face of 3. The cone pol(F) := {a € R\ {0} | F = Fx(a)} is called the polar
cone associated to F' and its elements are called polar vectors of F'.
A polar vector a € pol(F') is said to be a normalized polar vector of F' if m(a) = 1 (i.e
F:={xe¥|(a,x)=1}). We denote by Poly(F') the set of normalized polar vector of F;

4. We define the indezx of ¥ by «(X) := min{|e|; o € ¥}. Tt is clear that
Fo(1)={xeX: x| =)}

e Let J be a subset of [0,00)™ \ {0}, the set £(J) = convex hull(J +R") is the Newton polyhedron
of J. We denote also by £>°(J) = convex hull(J — R'}) its Newton polyhedron at infinity.

2.3 Construction of the mixed volume constant Ay(7; P)

2.3.1 The volume constant Ay(P)

Let P(X) = > ¢ supp(P) @aX* be a generalized polynomial with positive coefficients that depends
upon all the variables X7, ..., X,,. We apply the discussion in [25] (see also [26]) to define a “volume
constant” for P.

By definition, the Newton polyhedron of P (at infinity) is the set £%°(P) := (conv(supp(P)) — R'}) .
All the definitions introduced in §2.2.1 apply to such a polyhedron once we change the definition of
m(a) to equal supyeg(py < @,x > for any a # 0 € R. In particular, the notions of face, facet,
(normalized) polar vector, etc. all extend in a straightforward way.

Let G be the smallest face of £%°(P) which meets the diagonal A = R;1. We denote by oq the
unique positive real number ¢ that satisfies t711 € G. Thus, there exists a unique vector subspace
o of largest codimension pg such that Gy C o 14 80. Both pg, 0¢ evidently depend upon P, but

it is not necessary to indicate this in the notation. We also set Pg,(X) = >, cq, ta X"

There exist finitely many facets of £°°(P) that intersect in Gy. We denote their normalized polar
vectors by A1,..., AN.

_>
By a permutation of the coordinates X; one can suppose that ®7° ,Re; ® Gy = R"™, and that
=1
{€mn+1,--.,€,} is the set of standard basis vectors to which Gy is parallel (i.e. for which Gy =
Go — Rye;). If Gy is compact then m = n.

Set A = Conv{0,A1,..., AN, €p,11,...,€n}. It follows that dimA = n.

Definition 1. The volume constant associated to P is;
Ag(P) :=n! Vol(A) f[l,—&-oo["*’" er*po P;o(1,x,y) dx) dy .
In ([25], chap 3, th. 1.6) (also see [26]), P. Sargos proved the following important result about the

function Y (P; s) := f[l +oo[n P(x)~*® dx. This generalized earlier work of Cassou-Nogues [7].

Theorem. (P. Sargos [25] chap. 3, see also [26])

Let P be a generalized polynomial with positive coefficients. Then Y (P;s) converges absolutely in
{0 = Rs > o0}, and has a meromorphic continuation to C with largest pole alt s = oo of order pg.
In addition, Y (P;s) ~s_e, Ao(P) (s —09) . Thus, Ag(P) > 0.

Remark. The previous Theorem implies (see [26]), that %t"o log” !t equals the dominant

term for the volume of the set {x € [1,00)" | P(x) < t} as t — 0.
For general results on volume constant near the origin, see also ([10], §5).

When P is elliptic, we recover Mahler’s result.



Proposition 1 ([17]). If P = P(Xy,...,X,) is an elliptic polynomial of degree d > 1. Then,

o0 =%, po =1 and Ay(P) Pgn/d(v) do(v), where Py is the homogeneous part of P

o d gn—lnRi
of degree d, and do is induced Lebesgue measure on the unit sphere S*~1.

2.3.2 Construction of the volume constant Ay(/,u,b)

Let I = {B,} be a finite sequence of distinct elements of R, \ {0}, u = {u(8)}ger a set of positive
integers, and b = (by,...,b.) € RY". To the triple (I;u; b), we associate the generalized polynomial
Prup) in g =) 5. u(B) variables as follows:

First, we form a sequence a', a?,... whose elements are the 3, € I but with each element repeated

exactly u(3,,) times. The indexing of the a' is specified by the ordering of the B, as follows. We
set al,... atB) =3, B+ quB)tuB) = 3, etc.

We next form a g x r matrix whose row vectors are the ‘. Denoting its column vectors by v, ..., 4",
we obtain r vectors in RY , with which we now define the generalized polynomial P(r,u)(Y) =

Dy b;Y" on RY. We then denote the volume constant of P;.,;b) by Ao(I;u;b).

2.3.3 The mixed volume constant Ay(7T; P)

We now apply the preceding construction by starting with a pair 7 = (I,u) of finite sets and a
generalized polynomial P(X) = b X7 4+ 45X on R? with positive coefficients. We assume
that I C R% \ {0}. The elements of u are positive integers that depend upon the elements of I.
Thus, u = {u(n)}ner. We also set b = (by,...,b,).

Given the r x n matrix I' whose row vectors are v',...,~", we associate to 7 and P the following
“mixed” objects I'*,u*. These will play an important role.

I I* = T(1) = {T(n); n € I} € R}, \ {0);
2. u* = (u*(ﬁ))ﬁel* where u*(8) = Z{l“(n):ﬂ} u(n) for each B € I*.

We define finally the mixed volume constant by: Ag(T; P) = Ag(I*;u*;b), the volume constant
of the generalized polynomial P+« 1) on R’ (see §2.3.2)

3 Statements of main results

3.1 Main results about height zeta functions on generalized toric varieties

Let A al x (n+ 1) matrix with entries in Z, whose rows a; = (a;1,...,a;n+1) each satisfy the
property that Z;jll a;; = 0. We consider the generalized projective toric varieties defined by:

VA ={(z1: ) €PQ | [[ == [] =2,"Vvi=1....1} (4)

i=1,..., n41 j=1,...,n+1
aj >0 aj <0
We assume, without loss of generality, that the rows a; (i = 1,...,1) are linearly independent over
Q. It follows that:
rank(A) =1 and dimV (A) =n —rank(A) =n—1l. (5)



Denote by U(A) :={(z1: - : py1) € V(A) : 21 ... 2541 # 0} the maximal torus of V(A).
Define also

T(A) = {y eENg™' |A(v)=0and v = o} and T*(A) = T(A) \ {0};
1 o
¢(A) = 5#{e e {1+ | ] & = 1vi} (6)
j=1

Define £(A) := & (T*(A)) = convex hull(T*(A) + R7) the Newton polyhedron of T%(A) and set
Fo(A) to denote the smallest face of £(A) that meets the diagonal. We then introduce the following:

L p(A) = # (Fo(A)NT"(A)) — dim (Fo(A));
2. EY(A):={xeR" | (x,v) >1Vwve&(A)} (the dual of E(A));
3. (A) :=min{|c| | c€E%A)NR}} (the index of E(A)).
Fix now a (generalized) polynomial P = P(X;,..., X,+1) with positive coefficients and assume that

P is elliptic and homogeneous of degree d > 0. Denote by Hp the height of P*(Q) associated to P
(see (3)). We introduce also the following notations:

1. Writing P as a sum of monomials P(X) = le"1 440, X7 wesetb=(by,...,b) € RA

2. Defining a',...,a™t! € R’ to be the row vectors of the matrix that equals the transpose of
the matrix with rows v, ...,y", we set I*(A) = {3, Bia’ | B € Fo(A)NT*(A)}.

We can now state the first result as follows.

Theorem 1. If the Newton polyhedron E(A) has a compact face which meets the diagonal, then the

height zeta function s = Zg,(U(A);s) := Z Hp?(M) is holomorphic in the half-plane
MeU(A)

{s € C| o >(A)}, and there exists n > 0 such that s — Zg,(U(A);s) has meromorphic continua-

tion with moderate growth to the half-plane {o > t(A) — n} with only one possible pole at s = 1(A)

of order at most p(A).

If we assume in addition that dim (Fo(A)) = dimV (A) =n — 1, then s = 1(A) is indeed a pole of

order p(A) and Zig, (U(A); ) ~usua) — o)

Co(A;Hp) := c(A) d"™ Ag(I*(A); 1;b) JT [(1 - l)#fdA)ﬂT*(A)( ) 1 >0,

(v,c)
P p veT(A) p

c(A) is defined by (6), Ao(I*(A); 1;b) is the volume constant associated to the polynomial P(;-(a) 1,b)
(see §2.3.2), and where c is any® normalized polar vector of the face Fo(A).
By a simple adaptation of a standard tauberian argument of Landau (see for example [12], Prop.

3.1)), we deduce from Theorem 1 the following arithmetical consequence:

Corollary 1. If the Newton polyhedron E(A) has a compact face which meets the diagonal, then
there exists a polynomial Q of degree at most p(A) — 1 and 6 > 0 such that as t — +o0o:

Ny, (U(A);t) :=#{M e U(A) | Hp(M) <t} = tL(A)Q(IOg(t)) +0 (tb(A)70> )

5The constant Co (A; Hp) does not depend on this choice.



If we assume in addition that dim (Fo(A)) = dimV (A) =n —1, then Q # 0, degQ = p(A) — 1 and:

Co (A; Hp)
u(A) (p(A) = 1)V

N, (U(A);t) = C (A; Hp) t*®) (logt)PA)~1 (140 ((logt)™")) where C (A;Hp) :=
(Co (A; Hp) is the constant volume defined in Theorem 1 above).

Theorem 1 and its corollary 1 are general results that apply to any generalized projective toric variety.
Our second result applies Corollary 1 to a particular class of toric hypersurfaces that correspond to
a class of problems from multiplicative number theory.

Let n € N (n>2) and a = (ay,...,a,) € N". Set ¢ =l|a|=a1 + -+ an.
Consider the hypersurface: X, (a) = {x € P*(Q) | 2" ... x3" = x} ,} with torus:
Up(a)={xe X,(a) | x1...2, # 0}

Let P = P(Xy,...,X,11) be a generalized polynomial as in Theorem 1. Define:
L,(a) = {reN{ ; g/(a,r)and ry...7, =0} \ {0};
E(a) = &(Ln(a)) = convexr hull(L,(a) + R’ ) its Newton polyhedron;

(a)
(a)
Fo(a) = the smallest face of £(a) which meets the diagonal A = R, 1;
Jn(a) = Lp(a)nFo(a) and pa)=#(J.(a))—n+1;

(a)

1
= 5# {(e1even) e (=1L, 41" et eim =2l )}

a

cla

Then we have:

Theorem 2. Let ¢ € RY" be a normalized polar vector of the face Fo(a). There exists a polynomial
Q of degree at most p(a) — 1 and 0 > 0 such that:

N, (Un(a);t) = #{M € Un(a) | Hp(M) < t} = tI€lQ(log t) + O (¢'77) .

If we assume in addition that Fo(a) is a facet of the polyhedron £(a), then Q # 0, degQ = p(a) — 1
and

Ny, (Un(a);t) = C (a; Hp) tll(log )"~ x (1 + O((logt)_1)>
where:

C(a;Hp) := C(a)jé(:(:)of?)zp) . H <(1 - 1)P(a)+"‘1 <V€N8;Z p<c’">>) >0,

P p q | (a,v)

vy]...vpn=0

A (TC; ]3) > 0 is the mized volume constant (see §2.3.3) associated to the polynomial P(X1, ..., X,) ==
P(Xy, -, Xn, H?=1 X;j/q) and to the pair Te = (Jn(a), (u(ﬁ)ﬂejn(a)) with w(B) =1 V3 € J,(a).

Remark 1: An interesting question is to determine the precise set of exponents ay,...,a, > 1 (for
given ¢ and n) such that Fy(a) is a facet of £(a). It seems reasonable to believe that the complement
of this set is thin in a suitable sense (when ¢ is allowed to be arbitrary).

Remark 2: Ifa = (a1,...,a,) € N" satisfies the property that each a; divides ¢ = a1+---+ay,, then
Fo(a) = conv ({%ei li=1,.. ,n}) Thus, Fo(a) is a facet of E(a) and the more precise second

part of Theorem 2 applies.



The analogue of Theorem 2 had been proved for the height H,, and the particular surface X3(1)
in several earlier works (see [13], [3], [24], [14]). More recently, the article [1] extended these earlier
results to X, (1) for any n > 3 (but only used Ho,). Theorem 2 should therefore be understood as
a natural generalization of all these earlier results.

Remark 3: To illustrate concretely what the theorem is saying, we write out the details
when d =2, n=3,and P =), X?2. In this event, to apply the discussion in §2.3.3 to
find Ay(T, P), we must compute the volume constant Ay(Ps) (see definition 1 in §2.3.1)
for the generalized polynomial P; := ]S(Jg)ug}l). An exercise left to the reader will show
the following:

Py= XOXIX2XEX2 + XSXIXGXFXE + XSX2X2XgXg + XPXaX2XZXEXEX2X3XE.

By comparing our result with the result obtained by La Bretéche [3] for the height H.,
we get
Nip (U(Q);t) ~ 2' Ag(Ps) Np_, (U(Q);t) as t — oo.

Therefore, the constant volume A((P;) associated to the polynomial P; defined above,
measures the dependency of the counting function on the height.

3.2 Main results about mixed zeta functions

Theorem 1, Corollary 1 and Theorem 2 are simple consequences of our fundamental theorem (see
Theorem 3 in §3.2.2 below) which is the main ingredient of this paper.

3.2.1 Functions of finite type: Definition and examples

For any arithmetic function f : N® — C, we can define, at least formally, the Dirichlet series

M(f:s) = Z f(ml,...,mn).

S ome gy
Several works (see for example [1], [4], [15], [20]) indicate that the following property should be
satisfied by classes of f that are typically encountered in arithmetic problems.

Definition 2. An arithmetic function f : N® — C is said to be of finite type if there exists a
point ¢ € RY" such that M(f;s) converges absolutely if o; = R(s;) > ¢; Vi and can be continued as
a meromorphic function to a neighborhood of ¢, as follows:

There exists a pair Te = (Ic,n), where I. is a non empty subset of R% \ {0} and

u = (u('g))ﬁelc is a vector of positive integers, such that

s H(f; Ters) = ([ (5.8)"?) M(fic+s) (7)

Bele

has a holomorphic continuation with moderate growth (see (7) §2.1) to the set
{seC"|o; >—eg Vi=1,...,n} for someeg > 0.

We can assume® that (B,c) = 1 for each B € I.. In this case we call Te = (I¢,u) a “regularizing
pair” of M(f;s) at c.
If in addition H(f;T¢;0) # 0, we call the pair T, the polar type of M(f;.) at c.

Sby replacing each vector 3 by the vector ﬁﬁ



3.2.2 Main result in the case of arithmetic functions of finite type

Let P = P(X4,...,X,) be a generalized polynomial with positive coefficients and of degree d > 0 .
Let f: N"™— C be an arithmetic function of finite type (see §3.2.1).
Let ¢ € RY" and T¢ = (Ic,u) a regularizing pair of M(f;.) at ¢ as in Definition 2.

Set  Z(f; P;s) = S fma,...,mn)

P(mla"wmn)s/d.

(m1,...,mp)EN"
Our results above follow from the following fundamental theorem:

Theorem 3. If P is elliptic and homogeneous, then s — Z(f; P;s) is holomorphic in {s: o > |c|}
and there exists n > 0 such that s — Z(f; P;s) has a meromorphic continuation with moderate growth

to {o > |c|—n} with at most one pole at s = |c| of order at most po(Te) := Z u(B) —rank (Ic)+1.

Bele
Assume in addition that the following two properties are satisfied:

1. 1€ con*(I.);

2. there exists a function K holomorphic in a tubular neighborhood’ of O such that:
H(f;7e;s) = K (({8,s))ger.), where H(f;Te;s) is the function defined in (7).

Then,

Co(f; P 1
Z(f; P;s) = o(f; P) +O<(s|c|)p°(7—°)1> as s = |c|,

(s — ‘CDPO(TC)

where Co(f; P) := H(f; Te;0)d?o(Te) Ay(Te, P) and where Ay(Te, P) > 0 is the mized volume constant
associated to P and T (see §2.3.3).
In particular, s = |c| is a pole of order po(Te) if and only if H(f;Te;0) # 0.

By a simple adaptation of a standard tauberian argument of Landau (see for example [12], Prop.
3.1)), we deduce from Theorem 3 the following arithmetical consequence:

Corollary 2. If P is as above and f > 0. There exist a polynomial Q of degree at most po(Te) — 1
and 0 > 0 such that: N(f; pY/d, t):= Z flmy,...,my,) = tlle(logt) +0 (t\CI*O) )
{meNn; P1/d(m)<t}

In particular, there exists a nonnegative constant C(f; P) such that
N(f; PY4:1) = C(f; P) t°l (log t)roT) =1 1 O (tlc‘(logt)pO(n)_2) as t — oo,

Assume in addition that the properties 1 and 2 of theorem 3 are satisfied. Then,

v Co(fsP)  H(f;Te;0) do7e) Ay(Te, P)
CUP) = =11~ Jd -1t ="

In particular, C(f; P) > 0 if and only if H(f;7¢;0) # 0.

Remark 1. To our knowledge, the only result comparable to Corollary 2 is due to La Breteche [4]
who proved estimates for densities N(f;].||co; ) using the max norm ||x||sc = max;|z;|. Corollary
2 extends his results to a large class of norms or generalized norms. <

"By tubular neighborhood of 0, we mean a neighborhood of the form {s € C" | |oy| < & Vi} where & > 0.

10



Remark 2. Up to normalization factors, the volume constant Co(f; P) in Theorem 3 is the product
of two terms, one arithmetic the other geometric. The arithmetic factor equals H(f;7¢;0). In the
examples that have been worked out, this is typically an eulerian product and depends only on the
arithmetic function f. The second part is the mixed volume constant Ag(7¢; P) which reflects a
joint dependence upon both f and P.

An interesting point to be observed here, is that Ay(7¢; P) is, by definition, the volume constant of
a polynomial constructed explicitly from both f and P (see §2.3.3). This polynomial has in general
more variables than the original polynomial P.

Remark 3. Assumption (2) of Theorem 3 is always satisfied if rank I. = n.

Remark 4. It is clear that any monomial f(m) = mf{"*...m#n» is of finite type since M(f;s) =
T 1Q(sZ - ) Thus, the polar type of M(f;.) at ¢ = (1 + p1,...,1+ py) is Te = (I;u) where

I = {u g€ i =1,...,n} and u(B) = 1 for all B € I. It’s easy to see that all assumptions of
Corollary 2 are satisfied. In particular, for p = 0 (i.e f = 1), Corollary 2 implies that:
1
#{meN" | Np(m) <z} = - </ P~/ (u) da(u)) "4+ 0(z" %) as x — 0o, (8)
Sn-1AR?

Therefore conclusion of Corollary 2 agree with that obtained by Mahler [17] (see Proposition 1) and
Sargos (see [25] chap 3 or [26]).

3.2.3 Uniform multiplicative functions

The Theorem 3 (and its corollary 2) above applies to a large class of arithmetic functions f. However,
to use this theorem we need to choose a suitable singular point ¢ in the boundary of the domain
of convergence of M(f;s) to determine its polar type 7. and to verify all the request assumptions.
In general, It is not easy to choose such suitable point ¢ and this question was not traited by
La Breteche in [4]. In proposition 2 below we will adress this problem for the class of uniform
multiplicative functions f which are sufficient to prove our Main results about rational points on
generalized projective toric varieties .

Definition 3. A multiplicative function f : N +— Ny is said to be uniform if there ewists a
function gy : Ny — Ny and two constants M,C > 0 such that for all prime numbers p and all

veNg, f(p,...,p") = gr(v) < C(1+ )™

We fix a uniform multiplicative function f : N” — Ny throughout the rest of §3.2.3 and write g in
place of g¢. We then define:

. 8*(g) ={r e Ny \ {0} | g(v) # 0} and assume that S*(g) # 0;

f) = &(5*(g)) = convex hull(5*(g) +R’) the Newton polyhedron determined by S*(g);

1

2. &(f):

3. E(f) ={xeR" | (x,v) > 1V e&(f)} the dual of E(f);
4

)

S u(f) :==min{[c|] | c € E(f)°NRL} ( the “index” of f);

. Fo(f) := the smallest face of £(f) which meets the diagonal. We denote its set of normalized
polar vectors by poly (Fo(f));

With theses notations we have:

11



Proposition 2. Le ¢ € polo(Fo(f)) be a normalized polar vector of the face Fo(f). Set Te := (Ir;uy)
where Iy := Fo(f) N S*(g) and uy := (9(5))ﬁelf' Then, the multiple zeta function

M(f;s) = Z w converges absolutely in {s | R(s;) > ¢; Vi} and there exists
o Mty
gg > 0 such that s — H(f;Te;s) = H ((B,8))9®) | M(f;c+s) has a holomorphic

BeFo(f)NS*(9)
continuation with moderate growth to {s € C™ | Vi R(s;) > —eo} and satisfies

> g(Equ)> > 0.

p

p P vENG

= Hns*(g) 9I)
1 vEFo(f)NS*(g)
H(f;7:0) =] <1 - >
In particular f is of finite type, Te = (Iy;uy) is the polar type of M(f;.) in c and 1 € con*(Iy).
If we assume in addition that dimFo(f) = rank(S*(g)) — 1, there exists a function K holomorphic
in a tubular neighborhood of 0 such that: H(f;Te;s) = K (((B,s))ger,)-

Remark: The assumption dim Fo(f) = rank(S*(g)) — 1 is automatically satisfied if for example
the face Fo(f) is a facet of E(f).

4 Proof of Theorem 3

The starting point of our method is the remarkable formula of Mellin:

F(S) _ 1 /P1+i00 /Pr+ioo F(S — 2] — e — Z’r) H::l F(ZZ) dz (9)
] . P w(s)—z17~~fz-,v (HZ:l 'UJZk)

Choowr)”  (2mi)
valid if Vi = 0,...,7, R(w;) >0, Vi=1,...,7 p; > 0and R(s) > p1 + -+ pr.

1—100

Methods that use Mellin’s formula in the classical case do not adapt easily to prove Theorem 3. The
main reason this appears to be the case is that the inductive procedure, in which one inducts on
the number of monomials in an expression for P, is incapable of the precision we need to prove our
main result, that is, an explicit description of the top order term in the principal part of Z(f; P;s)
at its first pole. So, in order to prove theorem 3, our strategy is the following: First, we use Mellin’s
formula (9) (with a suitable integer r) to write Z(f; P;s) as an integral of a twist of M(f;s) over
a chain of C" (see section §4.2 bellow). This is needed because the arithmetical’s informations
needed to derive informations on the possible first pole oy are contained in the polar divisor of the
arithmetical series M(f;s).

In §4.1.2 the important ingredient for this section (i.e lemma 3) is proved. This lemma gives (under
suitable and natural assumptions) the analytic continuation of integrals over a chains in C”, identifies
for each of them a possible first pole oy and gives a very precise bound for its order py. This precise
bound is crucial in the proof of the main result of this paper that is the second part of theorem 3.
To obtain these informations, we must be more precise than classical proofs. For this reason our
proof is quite technical and uses in particular a double induction arguments.

In §4.1.3 we will prove our second important ingredient (i.e lemma 4). This lemma gives for a class
of integrals over chains in C”, the top order term in the principal part at the first pole.

In §4.1.1 we will prove two elementary but useful lemmas (lemmas 1 and 2) which will help us justify
the convergence of integrals over chains of C" appearing in our proofs.

12



4.1 Four lemmas and their proofs
4.1.1 Two elementary lemmas (i.e lemmas 1 and 2)
Lemma 1. Let p', ..., pu* be k vectors of R” and let | € R. Set for all 7 € R:

- :/ ﬁ(1+‘yi|)ze%(lf\—21‘:1 il =S ) =[S S e ) g

Then F,. has moderate growth in 7. More precisely, there exist A = A(r),B = B(r) and C =
C(l,7) > 0 such that: YT € R F,(1) < C (14 |7|)Al+E,

Remark: For » = 1 a more precise version of lemma 1 can be found in ([18], lemma 2).

Proof of Lemma 1

Set 1, (1;7) :== fw NeEN ! o5 (IT1=220 il =7 =300, wil) dyi . .. dy,. Since
k k '
> Uyl + T_Zyz > why)| > Zy Z w',y) _T_Zyz-
i=1 i=1 i=1 i=1

It follows that F,.(7) < v,(I;7). So to prove the lemma it suffices to prove the asserted bound for
¥ (l;7). We do this by induction on r.

er=1:
It suffices to prove the inequality for ¢ (I;7) = f0+°°(1 +y)lesUml=y=Im=vD dy and 7 > 1.
For 7 > 1 we have:

+oo
oF () = / (1+y) ez vrlm=vl gy

0
T . +oo .

_ / (14 )le=u=lr=s) dy+/ (14 g)led vl gy
0 T
T “+o0 “+oo

< / (1+y) dy + e’”/ (L+y)le ™ dy < (1+ 7)1 +/ (t+7)le ™ dt
0 T 1

+oo
< 1+ 4+ (r+1)! / (1+t)le ™ dt < (1+7)HL
1

or>2:
Assume that the lemma is true for » — 1. Thus there exist A = A(r —1) and B = B(r — 1) > 0 such
that v, _1(I;7) < (14 |7))A1H+E (7 € R). Tt follows that we have uniformly in 7 € R:

r(l;7) / H1+\y| eF (M-S il wl) gy, . dy,

/wf (T —yp) (L [y, ) eE ITI7Immurl=lorD gy,
L / (1+ |7 — . )AFB A + |y ) eZUrI=lm=vrl=lvrD) gy ( by the induction hypothesis)
R

< (1+|T\)A|”+B/ (14 [y ATDIB Frl=lurl=Im=yD) gy,
R

< (U T EY ((A+ D)+ Bs7).

We complete the proof by using the preceding estimate when r = 1. <
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Lemma 2. Let p € R, a= (a1,...,a,) € RY" and € > 0 verifying 0 < e <inf;—; . a;.
Set W(s;z) = W(s;21,...,2,) :=D(s —p—2 — - —2) D(s)”" (ITi—, T(a; + 2:)).
Then (s;z) — W (s;z) is holomorphic in the set

{(s,z) = (c+iT,x+iy) e CxC" | >p—re and |R(z)| <eVi=1,...,r}

in which it satisfies the estimate:

W(s:z) = W(o+irx+iy) <opae (1+ ‘T|)2|o\+\P\+ra+1 H(l + |yi|)|a|+|p|+ai+(r+1)a+1
i=1
Xe%(\Tl—Zle |yfl_‘7—_21:1 yzl)

Proof of lemma 2:

It is well known that the Euler function z +— I'(2) is holomorphic and has no zeros in the half-plane
{z € C|R(z) > 0}. Moreover for any x1, zo verifying x5 > 1 > 0 we have uniformly in x € [z1, z2]
and y € R:

ID(z +iy)| = V2r(1+ [y)* = 2e ™ /2 (14 O,y 4y (Jy|7h)) as |y| — 0. (10)
We deduce that (s,z) — W (s, z) is holomorphic in
{(s,z) = (c+iT,x+iy) eCxC" |o>p—reand |R(z)|<eVi=1,...,r}

in which it satisfies the estimate:

-
D —eee—p.. — L — L . 1
W(si2) <opae (LH[r—yr—- =) 7777772 (L4 7)) 7772 T+ [gal) @02
i=1
w5 (IT1=220 vl =l7 =327, wil)
K
Lopac (1 + ‘T|)2‘U‘+IPI+TE+1 H(l 4 |yi|)|o’|+\1’\+ai+(r+1)€+l % e%(‘7|722:1 lys|—|7—>00_, yl\)
i=1

This end the proof of lemma 2. <

4.1.2 First crucial Lemma: Lemma 3

Before stating the lemma, we first introduce some needed notations:

Let o1 € RY, g€ N, reNand ¢ € R".

Let I be a finite subset of R” \ {0} and u = (u(@))aer be a vector of positive integers.
Set for all ¢’,¢" > 0,

D.(¢8";¢'):={(5,2) eCxC" |0 >0;— ¢ and |R(z)| <& Vi=1,...,r}

Let €,0 > 0. Let L(s;z) be a holomorphic function on D, (24; 2¢).
Assume that there exist A, B,w > 0 and p',..., uP vectors of R” such that we have uniformly in
(s;2) = (0 +iT,x +1iy) € D,-(26;2¢):

.
L(siz) <ox [+ gl 4 |7))AloIHE
i=1

o8 (0= =2 1w ) = wr = =S, ') ) (1)
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We denote by Ij the set of real numbers which are the coordinates of at least one element of I, and
by Q(Ip) the field generated by Iy over Q.

Set finally for all p = (p1,...,pr) €] — €, +€[™ such that p,..., p. are Q(Ip)-linearly independent,

p1+ioco pr+ico .
To(s) im 1.r/ / L(s;z) dz; ... dz, = (12)
2mi)" Sy —ico pr—ivo (5 — 01— (¢,2))7 [Toes (@, 2)"®

Lemma 1 imply that s — T).(s) converges absolutely in {o > o1 + Y 1 |¢ipi|}.
The key lemma of this paper is the following:

Lemma 3. There exists n > 0 such that s — T.(s) has a meromorphic continuation with moderate
growth to the half-plane {R(s) > o1 — n} with at most a single pole at s = o7.

If s = o1 is a pole of T,.(s) then its order is at most

dy = u(a) = rank(I) + q — go(¢; L),

acl
Where the index eo(¢p; L) is defined by:
1. go(p; L) =1 if ¢ € con*(I)\ {0} and if there exist two analytic functions K and W such that
for all (s,z) € D(26;2¢) L(s;z) = K(s;2)W (s; (e, 2)aer) and W(s;0) = 0;
2. eo(¢; L) = 0 otherwise.

Proof of lemma 3:
We proceed by induction on 7.

Throughout the discussion, we use the following notations. Given z = (z1,...,2,) we set: z’ :=
(215, 2r—1) and I(z) := Z—lrz' = (;—:, e Z’zjl) if z. # 0.

Step 1: Proof when r = 1:

Set A =[] ;"™ and c =3, u(cer). We have:

1 prtico L(s;z) dz 1 prtico L(s;z) dz
p p

(270) Jp,—ino (s — 01 = 92)1 [Loes(az)"@ — (2mi)A (s — o1 —¢2)92°

(From our assumptions (see (11)) and lemma 1 it follows that s — T(s) converges absolutely and
defines a holomorphic function with moderate growth in {o > o1 — 7} where n = inf(—¢p1, J).

o If pp; < 0 then n > 0. This proves the lemma in this case.

e if =0 then T1(s) = m pplljig L(S;ZZC) % 1t follows also from Lemma 1 and (11) that
s + T1(s) has a meromorphic continuation with moderate growth to the half-plane {o > o1 — 4}
with at most one pole at s = o1 of order at most g < d;.

o We assume ¢p; > 0:

The residue theorem and lemma 1 imply that for o > o1 + ¢p1:

Ti(s) = T{(s)+T7'(s) where T{(s) = gz 11 rosZhte and TY'(5) = § Res.co e sihye
Lemma 1 and (11) imply that s — T7(s) converges absolutely and defines a holomorphic function
with moderate growth in the half-plane {o > o1 —n} where n = inf(d, ¢p1).

If ¢ = 0 then T}'(s) = 0. Thus T} (s) = Ty (s) satisfies the conclusions of lemma 3.

We assume now that ¢ > 1. An easy computation shows that

142 (_q)(—(b)k 8;6717’“)[/(5;0)
A kz (ck— 1—k)!  (s—oy)rtk -

1—100

Ty'(s) =
=0
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We deduce that T3 (s) has a meromorphic continuation with moderate growth to {o > o1 — n} with
at most one pole at s = o1 of order at most:

1. orde—o, T1(s) < q+c—1=q+ > cyu(e) —rank(l) = dy if L(s,0) # 0;
2. ords—0, T1(5) S q+c—2=q+ ) cyula) —rank(I) =1 <dy if L(s,0) =0;

This proves Lemma 3 if » = 1.

Step 2: Let r > 2. We assume that lemma 3 is true for any ' < r —1. We will show that
it also remains true for r:

We justify this assertion by induction on the integer

h:h(¢7p) ::#{ie{la-'-ar}|¢lpi20}6{07"'7T}'

e Proof of lemma 3 for h = 0:

Since h = 0 then for each i = 1,...,7, ¢;p; < 0. It follows from lemma 1 and (11) that s — T;.(s)
converges absolutely and defines a holomorphic function with moderate growth in the half-plane
{o > a — n} where n = inf(—(¢, p),d) > 0. Thus lemma 3 is also true in this case.

e Let h € {1,...,r}. We assume that lemma 3 is true for h(¢, p) < h — 1. We will prove that it
remains true for h(¢, p) = h :

+i p+ico L(siz) dzy..dz.  q : .
If ¢ = 0 then T,(s) = m pi17i§ . pp’ﬁ;;o W Since the p; are linearly inde-

pendent over Q(Ip), lemma 1 and (11) imply that lemma 3 is true in this case, in the sense that
there is at most one pole at s = g1 of order at most ¢ < d,..
If ¢ #0 and ¢;p; <0 forall i =1,...,r, then there exists iy such that ¢;,p;, < 0. In this case,
it is also easy to see that s — T,.(s) is holomorphic with moderate growth in {o > o1 — n} where
1 = inf(8, — ¢4, pi,) > 0. It follows that lemma 3 is also true in this case.
So to finish the proof of lemma 3 it suffices to consider the case where there exists ¢ € {1,...,r}
such that ¢;p; > 0.
Without loss of generality we can assume that ¢,.p. > 0.
Set J := {a €l ay#£0and 2T ~a+ Qr—1pr-1 ‘ <|py|

T
Consider the equivalence relation R defined on J by: aR~ iff a%a’ = A{—lr'y' iff I(a) = 1(7).
It’s clear that aR+y iff a, v = .. Denote by Ji, ..., J; the equivalence classes of R (they form a
partition of J).
Choose for each k =1,...,¢, an clement a® € J), and set ¢;, == Y acs, ula).
Fix now s = 0 +i7 € C and 2’ = (z1,...,2._1) € C"! such that ¢ > o1 + 22:1 |pipi| and
Vi=1,...,7r =1, ®(z;) = pi.
The function

L(s;z)
(5= 01— (6,2)7 [Tac; (o 2)"
L(s;7, z)
(3 — 01 — <¢/»Z/> — r2p)d Hael(<al’z/> + arzr)u(a)

is meromorphic in {z. € C | |R(z,)| < p.} with at most poles at the points
2z = —=(a/,2') = —(l(a),2') (v € J). Moreover since py,...,p, are Q(Iy)-linearly independent,

it follows that (I(ax),2z’) = (I(7),2') iff [(a) = I(7) iff aR~.

zp = I(zy) =

Therefore the poles of z,. + I(2,) in {2z, € C | |R(2,)| < pr} are the points

2 =—(l(a¥),z) (k=1,...,t)
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and for any k, ord, —_ ok 1(2) = ZaeJk u(a) = cg.

The residue theorem, (11) and lemma 1 imply then that there exist constants A;,..., A; € R such
that:

T t
Vo > o1+ |bipils To(s) =T7(s) + ) AxT) i (s) (13)
i=1 k=1

where

TO(S) .: 1 /p1+ioo /prl+i00 /pr+ioo L(S;Z) dz ... dz,
T O e i S (5= 01— (602) Ty (7))

and for each k =1,...,¢:

. 1 p1+ico pr—1+i00 9 cp—1 ) . )
77 () ::(271'1')7"1/0 /p <8zr) N (s;2',—(l(a¥),2")) dzy...dz 1,

1—1900 r—1—100

L(s;2) .
(s =01 = (6,2) [Taen s, (. 2)"

Since h (¢, (p1,- .., pr—1,—pr)) = h(¢p,p) — 1 = h — 1, the induction hypothesis for h — 1 implies
that s — T(s) satisfies the conclusions of lemma 3. So to conclude, it is enough to prove lemma 3
for each s+ TF | (s).

where N(s;z',2,.) = N (s;(2',2,)) = N(s;2) :=

We then choose and fix any k € {1,...,t} for the rest of the discussion.
An easy computation shows that:

TF (s) = Z w (u, v, (ko)) Rk (4,0, (ka); 8) (14)

u+v+Za€I\Jk ka=cp—1

where u, v and the ko are in Ny, each w (u, v, (ko)) € R and

1 p1+ioco pr—1+ioco
Ry (u,v, (ka);s) = @ri)y 1 (15)
P P

1—100 r—1—100

g,:ﬁ (s:2, _<l(ak), z')) dzy...dzr—q

(S —o01- <¢/ - ¢Tl(ak)? Z/>)q+v HaeI\Jk <a/ — arl(a’f), Z/>u(a)+k°‘ .

So to conclude it suffices to prove lemma 3 for each Ry (u,v, (ka); ).
We fix now u,v € Ny and (kq) 7, such that

acl\

u+ v+ Z ko = ¢ — 1. (16)
acl\Jy

It is clear that there exist §,& > 0 such that the function (s;z’) — gzﬁ (s;2", —(l(a¥),2')) is holo-
morphic in D,_1(24,2¢) and satisfies an estimate similar to (11) (the last assertion is justified by
using Cauchy’s integral formula).
The induction hypothesis on r implies that there exists n > 0 such that s — Ry (u, v, (kq); s) has
meromorphic continuation with moderate growth to the half-plane {oc > o1 — n} with at most one
pole at s = o1 of order at most

ords—g, Ry (u,v, (ka); 5) < ( Z u(a) +k:a> —rank(V)+ (g+v) —eo (d)' — qSTl(a’f);f,u) , (17)

aEI\Jk
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where V :={a/ —a,l(a*) | a eI\ Ji} and L,(s;2') := % (52, —(l(a),2")).

Set V := {a— ak|a€I\Jk}:{(a'—arl(ak),0) |lael\J,} =V x{0}.

It is clear that rank:(f/) = rank(V). Moreover it follows from the definition of a* that ¥ # 0, and
therefore a* & Vectg(V). We deduce that:

rank(I) = rank(V U {a*}) = rank(V) +1 = rank(V) + 1. (18)

So it follows from (17), (16) and (18) that:

Ordag, Bi (1,0, (ka)is) < ( 2,\;, u(@) + k) = rank(V) + g+ v — 20 (¢ = 6,1(a*); L)
— 14 2}\:] u(e) — rank(V) +q —u— & (¢’ — p,l(a); iu)
< (a+ g% z;(a)) — (rank(V) +1) + q — €0 ((,b brl(cx ),Eu) —u
< Ll ok 4o (¢ ot L)

Thus from the definition of d, given above we see that:
ords—g, Ri, (4,0, (ke); 8) < dy + e0(¢p; L) — &0 (qb' — ¢pl(a®); iu) —u. (19)

If eo(¢p; L) — eo (qS' - qSTl(ak);iu) < 0oru#0, then ords—,, R (u, v, (kg ); s) < d,. This finishes
the proof of the lemma in all cases except the following possibility:

uw=0, eo(¢:L) =1 and & (qs’ - ¢Tl(ak);io> —0.

Our hypothesis about L evidently implies that Lo has the same form:

Lo(s,2') = K(s;2 )W (s; (0,2 ) ev) with W(s;0) = 0. (20)
This and the fact that gq <¢)/ — ¢l(a¥); EO) = 0 now imply that we must have:

¢~ oil(ab) = ¢ — 2 (o) = (61, 600 —

T‘ T‘

—(a ,...,affl) & con* (V) \ {0}. (21)

However, it follows from the equality eg(¢p; L) = 1 that ¢ € con*(I) \ {0}. Thus, there exists
{Aatacr C R such that ¢ = Y .; Aa. This implies ¢' = > ; Aa@’ and ¢, = > o/ Aatir.
We deduce that:

¢ —¢rl(ak) = D Xaa' =D Aaarl(@¥) =) Aa (o — a,l(ah))
acl acl acl
- Z Aa (¢ — a,l(a¥)) (because @’ — a,l(a®) = 0 if o € Jy).
acl\Jy

Thus, ¢’ — ¢.l(a®) € con*(V), which, thanks to (21), now gives ¢’ — ¢,.l(a¥) = 0.
(From lemma 1 and the expressions (15) and (16) it follows then that:

ords—g, Ry, (0,0, (ka);s) <q+v=q+c—1— Z ka <q+ Z u(a) — 1. (22)
aGI\Jk acdy
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But ¢ — ¢,l(a¥) = 0 implies also that ¢ — —ka = (¢' — ¢rl(a¥),0) = 0. Therefore we get

b= ﬂak Since ¢ # 0, we conclude that ¢, # 0. Thus Ra* = R¢p = Vectg(J;,). This and the
fact that ¢ € con*(I) imply then that rank(I) = rank(l \ Ji), unless I = J.

Assume that I # J:
In this event, combining (22) with the fact that rank(I \ Jg) = rank(I), we conclude:

ords—q, Ri, (0,0, (ka);s) < q+ Z —rank(I) — Z u(a) + rank(I) —

acl acl\Jy

< q+z ) —rank(I) — 1 — Z u(a) —rank(I'\ Jy)
acl aEI\Jk

< g+ Y ule) —rank(I) =1 — (#(I\ Jp) — rank(I \ Jy))
acl

< q—l—z ) —rank(I) —1<d,.
acl

Assume that [ = Jj: ~
It is then clear that V = () (see (17)). In this case, (20) then implies that Lo(s;z’) = 0, and (15)
implies that Ry (0,v, (ka); $) = 0. So, it is obvious that ords—,, R (0,v, (ke ); s) < d-.

We conclude that for any w,v, (ka), ords—e, Rk (4,v,(ke);8) < dr. This finishes the induction
argument on h, therefore, also on r, and completes the proof of lemma 3. {

4.1.3 Second crucial lemma: Lemma 4

Lemma 4. Leta = (ay,...,a,) €RY anda =|a| = a1 +---+a,. Let I be a finite nonempty subset
of R7.\ {0}, u = (u(,@))ﬁel a vector of positive integers, and h = (hy,...,h,) € RY". Assume that:
1 € con(I) and that (B3,a) =1 for all B € I.

Let p € RY". For o = R(s) > a+ |p]| set:

R( ) 1 /p1+ioo /pr—‘rioo F(S —a—z — = Zr) H;:l F(G,Z + Z,L) dz (23)
S) = N e r a 2k u
@iy /, pomivo T(s) TTpoy 2 T1pes (B,2)"®

Then there exists 7 > 0 such that s — R(s) has a meromorphic continuation to the half-plane
{o > a —n} with exactly one pole at s = a of order py := 3 g u(B) — rank (I) + 1. Moreover we

Ao(l;u;h
have R(8) ~s_q M

(s —a)ro
u and h.

1—100

, where Ao(I;u;h) is the volume constant (see §2.5.2) associated to I,

Proof of Lemma 4:

We fix p € R%". From lemma 2 and lemma 1 it follows easily that the integral R(s) converges for
any sufficiently large o.

Set ¢ := Zﬁelu(ﬂ) and define the vectors a',...,a? € R’} by:

{a'|i=1,....q} =T and VB € I #{i € {1,..,q} | &' = B} = u(B) (i.e. the family of vectors
(a)i=1,..q is obtained by repeating each vector B € I u(3) times).

We then define p!, ..., pu" eR‘i by setting: ,uf :oz}‘€ Vi=1,...,qand Vk=1,...,r

Define the generalized polynomial with positive coefficients:

G(X) =1+ P (X) =14+ 35, by, X+
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We note that G depends on al_l the variables Xi,..., X, since for any ¢ = 1,...,q there exists
ke {1,...,r} such that u¥ = ol # 0. We will first prove:

Claim: For o>1,

R(s) :/ G~%(x) dx. (24)
[1,+00[2
Proof of Claim: For o = £(s) > 1 we have the following identities:
R(s) 1 /”1“"C /’)THO" P(s—a—2z1——2) [[i_;T(a; + 2) dz
s) = _ AT,
(2m0)" Sy —ico pr—ico U(s) [Tiy by ™ TTizy (@, 2)

1 /a1+p1+ioo /arJrPrJriOO F(S —z = — Zr) HZ:I F(Zl) dz
a " Jarrpeioo T(s) ITizy B TTizy (@, 2) — 1)

1 a1+p1+ioco ar+pr+ioco . r .
= (Zﬂi)r/a / D(s—z — - —2) EF(Zi) T(s) Ellh i

1+p1—100 r+pr—ioco

q
X </ Hz;<ak’z> dzl...dxq> dzy...dz,
[1,+ool? 1 2q

1 a1+p1+ico ar~+pr+ico T . r .
- (m)r/a / P(s— 21— — ) [[T() T(s) " [ ™

1+p1—ico r+pr—1ico i=1 i=1

X (/ H x#ik dzy ... dxq> dzi...dz,. (25)
[1,+oo0l? 521

In the other hand, we have uniformly in z € C" such that R(z;) = a; + pi:

Vx € [1, +oo[? |Hx—zw\—|Hg;k“Z|—ka“a (bop) _ ~latp),
k=1

1+p1—100

We deduce that the integral f[l o[ IT_, x—zik dx; ...dx, converges absolutely and uniformly in
z € C" such that R(z;) = a; + p;. This, (25), lemma 2, and lemma 1 imply then that for o > 1, we
have

1 a1+p1+ico ar+pr+ioco r 1
Rls) = /1 a [(Qﬁi)T / i / i Moo=z =) HF(zi)F(S)
[1,400[ a a i=1

1+p1—ic0 r+pr—100
XH (h xH )

Mellin’s formula (9) implies then that for o >> 1, we have

Z4

..dzr} dzy...dxq.

R(s) = / (1 + Zh xH ) dxy...dzg = / G~%(x) dx.
[1,400[2 [1,400[™

This end the proof of the claim.

So to conclude it suffices to check that s — Y (Gj s) f[l +oola G~%(x) dx satisfies the assertions of
Lemma 4.

Let £°(G) = conv (supp(G) — Rﬂ_) denote the Newton polyhedron at infinity of G. Denote by G
the smallest face that meets the diagonal. It follows from Sargos’ result (see §2.3) that there exists
17 > 0 such that Y(G;s) has a meromorphic continuation to the half-plane {oc > oo — 7} (where
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oo = 0o(G)) with moderate growth and exactly one pole at s = g of order pg := codimGy. More-
over oy is characterized geometrically by: 09~ '1 = ANGy = ANE®(G) and Y (G} 8) ~s—0, %
where Ap(G) is the volume constant associated to the polynomial G. It is easy to see that in our
case Ap(G) is equal to the volume constant (see §2.3.2) Ag(I;u;h) associated to I, u and h.

By our hypothesis, we have 1 € con(I) = con ({ak | k= 1,...,q}). Thus there exists v =

q
(v1,...,v4) € RL\ {0} such that 1 = kaak. It follows that:
k=1

q a
Vi=1,...,r (v,u')= kaui = kaaf =1.
k=1 k=1

Since supp(G) = {u'|i=1,...,7}U{0}, we conclude that Ly := {x € R? | (v,x) = 1} is a support
plane of £°°(G). Thus:

Fy° =Ly NE®(G) =conv ({p' | i=1,...,r}) is a face of the polyhedron £>(G). (26)

r ; . . . . 1
By our hypothesis we know that ), _, ak,uf = (a,a') = 1Vi = 1,...,q, which implies -1 =
a

Z %uk € conv ({p' |i=1,...,r}). Thus, 11 € F° N A, that is, the face F2° must meet the
a

k=1

diagonal at él. It follows that o9 = a and that Gy C F$°. Hence we deduce that:

ords—oY (G;s) = codimGy > codimFy° = q — dimFy°
> q—rcmk(({ui |i= 1,...,r})+1:q—rank(({ai |i:17...,q}) +1
> g—rank(I)+1= Z u(a) — rank(I) + 1. (27)
acl

Using the relation I'(v 4+ 1) = vI'(v) we also see that for o >> 1,

’R( ) 1 /P1+ioo /Pr—O—ioo L(S;Z) dz
S) = " e )
(270)" Sy —ico po—ivo (5 —a—(L,a)) [Tnes (a0, 2z)"®

where L(s;z) =T (s—(a—1)—z1 — - —z.) [[}—; D(a; +2) T(s)™' [Th_y by ® 7.

Lemma 2 imply that L(s;z) satisfies the assumptions of lemma 3. In particular it imply that
L(s;z) satisfies the estimate (11). Therefore it follows from lemma 3 (with ¢ = 1, ¢ = 1 and
o1 = a) that ord,—,Y (G;s) = ords=qR(s) <1+ > u(a) —rank(I). This and (27) imply that
ords—oY (G 8) = Y ey ula) —rank(I) + 1.

This completes the proof of lemma 4. <

4.2 Proof of the first part of theorem 3

Fix in the sequel of this proof a point ¢ = (c1,...,¢,) € RY" and a pair of regularization 7¢ = (Ic;u)
of M(f;.) at ¢ as in Definition 2 in §3.2.1.

Since Y % < 400 for t = 1+ sup; ¢;, we certainly have

fm,...,m,) < (myq...my)" uniformly in m € N”. (28)

Let P := Z};:l kaVk be a generalized polynomial with positive coefficients, elliptic and homoge-
neous of degree d > 0. Since P is elliptic, we have con* (supp(P)) :== Y _;_; Ri'yk = Ri". Therefore
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c € con* (supp(P)) implies there exists a = (a1, ...,a,) € RY, such that

T
c= Z ary®. (29)
k=1
It follows that we have uniformly in x € [1, +oco[™
(. ag) R = (XZLI(W"“') "k) <Y x" < P(x) < (a1...20)". (30)
It is clear that (28) and (30) imply that the series Z(f; P;s) :== > SfOmmn) - g an abscissa

meN™ P(myq,...,m,)s/d
of convergence og < +00.
Moreover, (30) and Taylor’s formula imply that VM € N we have uniformly in x € [1,4o00[" and
s e C:

P(x)—s/d = (1+Px)—1)" s/d _ — (1+P(x ))_s/d (1_1)—(9/4
1+ P(x)

- d
_ Z(_l)k <—<;>;/ ) (1+P(X))—(s+dk)/d+o((1_|_|S|M+1)(1+P(X))—(§R(s)+dM+d)/d>.
k=0

It follows that for M € N and o > oy¢:

M
Z(f; P;s) = Z(—l)k<_2/d> Z(f;1+ P;s+dk)

k=0
+O (1 + s Z(|f[; 1+ P;o + dM + d)) . (31)
Thus, it suffices to prove the assertion of the theorem for Z(f;1 + P;s).

Let a!,...,a" be n elements of R, \ {0} defined by: af =~F foralli=1,...,nand k=1,...,r
Since ¢ = Y, _; axy"* we have _
Vi=1,...,n (o' a)=c¢. (32)

By using Mellin’s formula (9) and (32) we obtain that for any p € R¥" and o > sup (00, d|a| + d|p|):

. : f(my, ... ,my)
2mi)" Z(f;14 P;s) = (2mi)" .
m%l\:l" (1 + Zvl;:l bkm‘yk) &

/a1+P1+ioo /ar+Pr+ioo F(S/d e — e — Zr) ]j F(ZZ) f(mla o ’mn)

= - o - Z
meNn a1+p1—1t00 r+pr—ico F(S/d) i=1 szT (Hk:l mzk'y")
_ /a1+p1+ioo /ar+pT+ioo F(S/d—Zl ... _Zr) ﬁ F(zl) f(ml,...,mn) dz
N N LOT/R < S ()
B Z /PlJr’Loo /Pv-Jrioo F(s/d — |a| Z 1 2i) ﬁ T(a; +z) f(ma,...,my) dz (33)
meNn Y P1 =130 Pr—100 F(S/d i=1 baﬁ_zw HZL 1m +(a z}

But for all 8 € I. we have uniformly in z € C" verifying R(z;) = p; Vi=1,...,r

(Zﬁzcz ) (c,8) +Zﬁzap—1+251 o, p).
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It follows then (see definition 2) that the series
(m1,...,my
M(f;61+<al,Z>,...,Cn Z f ! 01 )>
mEN” =1

converges absolutely and uniformly in z € C” verifying R(z;) = p; Vi=1,...,7.
This with (33), lemma 2 and lemma 1 imply then that for all p € R%"™ and for all o > sup (o9, d(|a| + |p])),

1 p1+ico pr+ic0 1
Z(f;1+ P;s) = (27ri)7'/ ‘ / ‘ T(s/d—|a] — 21—+ — 2. )[(s/d)
p1—1i00 pr—ico
U a; + z; n
XH(qu%)/\/l(f;cl+<a1,z>7...,cn+<a ,2z)) dz (34)
i=1 i

We now use the hypothesis that H(f;T¢;s) = (Hﬁel (8, >u(ﬁ)) M(f;c+s) (see (7) in §3.1) has

a holomorphic continuation with moderate growth to {s € C™ | Vi R(s;) > —¢} for some positive e.
It is clear that this implies there exists €; > 1 such that

2 H(Te;2) = H (f: Te; (@, 2),.... (", 2)) (35)
has a holomorphic continuation with moderate growth to {z € C" | Vi R(z;) > —e1}.

We then rewrite the integrand factor involving M as follows. For all 3 € I, set
w(B) :==>""" | Bia, and also define:

I ={uB) | Bel.}, and u* = (U*(nDneI; , where u*(n) = Z u(B) VneI;. (36)
{B€le; n(B)=n}

We conclude as follows:

Z(f;1+ Pss)
p1+i00 pr+ico _ e — r N
L[ s ) [T HRn
(27‘—2) p1—100 Pr—100 (S/ i=1 b Hnelg (<"7a Z>)

We deduce from this that for any p € R%" and o > sup (09, d(|a] + |p])):

p1+ico prtioco . .
1 / / U(s;z) H(Te;2) dz (37)
p p

Z(f;1+ P;s) = - *
( )= ey cive (s — dlal — (41, 2) Teys (m2)" 7

1—100
where

U(s;z) = d(s/d—la|l—(1,2z))T(s/d— |a] — (1,2))T(s/d)” (HF (a; + 2)b; a7—z7>

i=1

= dT(s/d—|a] —z — - — 2.+ 1) [(s/d)” <Hfa1+zz)b @i ) (38)

=1

It is well known that the Euler function z +— T'(2) is holomorphic and has no zeros in the half-plane
{z € C| R(z) > 0}. It follows that (s,z) — U(s, z) is holomorphic in

D, (261,201) ={(s,2) = (0 +it,x+iy €e Cx C" | 0 > d |a] — 261 and |R(z;)| < 201 Vi=1,...,r},
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where §; := = 1nf(d lal, lellz/id,al, ...,a;) > 0. Moreover lemma 2 implies that there exists By =

Bo(a,b,d,r) > 0 such that we have uniformly in (s;z) € D(2d1,201) the estimate:

Ul(s:2) <oapar (1+]|7])2 5 50 [10 + 1w @+ Boed(aImEin wi=la-Einw) - (39)
i=1

From (35) we also know that there exist Ay, By > 0 such that H(7¢; z) satisfies the following estimate
on{z e C"|ViR(z)>—e1}:

T

H(Tes2) gy (1+ 3@ )T gy TTE + Sz ) 1T (40)
i=1

Let § := inf(e1/2, 61). Putting together the two preceding estimates (39) and (40)) we conclude that
there exists B > 0 such that :
V(s,z) :=U(s, z) H(Te;2z) is holomorphic in D, (26, 20) and satisfies in it the estimate:

.
V(si2) <o (L |72 308 T4 [yl 58 o5 (RIm2im =32l (4
i=1
We can therefore apply Lemma 3 to (37) by setting
L(s,z)=V(s,z), oy=dl|al, ¢=d1 and ¢=1.

We conclude that there exists n > 0 such that s — Z(f;1+ P;s) has a meromorphic continuation
with moderate growth to the half-plane {o > d|a| — n} with at most one pole at s = d|a| of order at
most pf 1= 3, cp. w*(n) — rank (Ig) + 1.

Moreover it follows from the ellipticity of the polynomial P that
rank ({at,...,a"}) = rank ({¥',...,4"}) = rank (supp(P)) = n. This implies that rank (I}) =
rank(I.). We conclude:

po =Y u'(n) —rank (IZ)+1= Y u(B) —rank (I.) + 1. (42)

nelx Bel.
Since

le| = Zaﬂ =Y [ =) ard = dlal, (43)
k=1 k=1

the proof of the first part of Theorem 3 now follows. ¢

4.3 Proof of the second part of Theorem 3

Notations used in §4.2 will also be used throughout this section.

We assume in addition that the point ¢ € R%™ and the pair of regularization 7¢ = (Ic;u) satisfy the
two following assumptions:

1. 1 € con*(Ic);

2. there exists a function K (holomorphic in a tubular neighborhood of 0) such that:
H(f;Te;8) = K ((B,s)per.)-
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Recall also from (43) that |c| = d]a.
From (31) we conclude that the proof of Theorem 3 will follow once we prove that |c| is a pole of
Z(f;1+ P;s) of order at most pf (see (42)) and

Z(f;H_P;S):H(f;Tc;O)dPoA(*)(Tc,P)+O<(1)1> 2.5 [ol.

(s —le]) le])”
We will prove this in the sequel. Our strategy is the following:

First we set H(z) := H(Te;2) — H(Te;0), where H(Te;2) is defined by (35). Thus, H(7e,0) =

H(f;Te;0).

Let U(s;z) be the function defined in (38). It follows that (37) can then be written in this way:
Vp € RY and o > sup (0o, d(la] + |p)),  Z(f;1+ P;s) = H(f:Te;0) Z1(s) + Za(s),  (44)

where

1 p1t+ioo Pr+i00 ( )
Zl S = —_— e -
(s) (2mi)" /plioo /p,,,ioo (s —d|a] = (d 1,2))[] e ((n, 2))" (m)

1 p1t+ioco pr+ioco (s, Z)I:I )
Zs(s) = - oo py gl
2(s) (2mi)" /pl—ioo ~/pr—ioo (s—dla]—(d 1,z>)Hn€I* ((n,2z))" ()

In section §4.3.1, we will use Lemma 4 to prove that |c| = d|a| is a pole of Z;(s) of order p§ and
even to determine the top order term in the principal part of Z;(s) at |c|.

The integral Z(s) is more complicated and there is no hope to get for it a precise result like for
Z1(s). Moreover if we can only infer that Z»(s) has a possible pole at s = |c| of order at most p .
As a result, we would not yet be able to prove that s = |c| is a pole of Z(f;1+ P;s)! To get around
this difficulty, we will use in §4.3.2 the crucial Lemma 3, which give a very precise estimate of the
orfer of the possible pole s = |c| since it implies that Z5(s) has a pole at s = |c| of order at most
py — 1. Combining this with the result on Z;(s) suffices to complete the proof of Theorem 3.

4.3.1 The principal part of Z;(s) at its first pole

It is easy to see that for o > 1 :

1 /pﬁiOo /Prﬂ'oc [(s/d—l|a| — 21— —z) [ T(ag + z1) dz
@iy’ J, pomive T(s/d) TTimy b2 Tlere ((m,2)" 7
By our hypotheses, we know that 1 € con(I}), and (n,a) = Z?:l Bi(a’,a) = Z?:l Bici = (B,c) =1

Vn = u(B) € IF. Thus, it follows from lemma 4 that s = d|a| = |c| is a pole of Z;(s) of order pf
(see (42)) and that

1—100

dro Ag(If;u*;b)
(s = le|)”?

where Ao(IZ;u*;b) > 0 is the volume constant associated to I}, u* and b (see §2.3.2).

(45)

Zl(s) ~s—|c|

4.3.2 A sharper estimate for ord,_ | Z2(s) and end of the proof of Theorem 3

The quantities o1, ¢, and ¢, introduced during the proof of lemma 3 are assigned values here by
setting: o1 :=|c|, ¢ :=dl =(d,...,d) € R" and ¢ :=1.
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We also define L(s;z) := U(s;z) H(z) where H(z) := H(Te;z) — H(Te; 0) as above.

As a result, we see that Zy(s) = T,.(s) (see (12) for the definition of T.(s)).

It also follows that the role played by the set I in §4.1.2 is played here by the set I} and the exponents
u(a) become the u*(n) (see (36)). Thus, the quantity d, from lemma 3 is as follows (see (42)):

dr =Y ut(n) —rank(I3) +1—co(¢, L) = p; — co(¢, L).

nely

The estimates (39) and (40) imply that there exists 6 > 0 such that L(s;z) is holomorphic in
D, (20,29), on which the estimate (11) is satisfied (with a suitable choice of A, B > 0). Lemma 3
implies then that there exists n > 0 such that s — Z5(s) has a meromorphic continuation to the
half-plane {¢ > o1 — n} with only one possible pole at s = ¢; = |¢|. Lemma 3 implies also the
crucial estimate:

ords=c| Z2(s) < py — €o(@, L). (46)

Thus, we must evaluate €o(¢p, L). We do this as follows.
Since 1 € con™(l), there exists a set {tg}g.; C RY such that

1=3 pcr teB (e Doger tgfi =1Vi=1,...,n). Consequently we have:

SPTED SO EED D STINED SEED P I I

Bel. Bel, i=1 i=1 pBel. =1 i=1

We conclude from this that

¢:=d1econ” (I7)\{0}. (47)
Furthermore, assumption 2 implies that there exists a function K (holomorphic in a tubular neigh-
borhood of 0) such that H(f;7e,s) = K ({(3,s)ger.). But for any 8 € I, and for any z € C" we

have,
Zﬂz o' Z <Zﬂla Z> = (ﬁ)vz>

It follows that: H(7c;z) :== H (f;Te; (a',2),...,(a",z)) = K ((u(8),2)ge1.). Consequently there
exists a function K (holomorphic in a tubular neighborhood of 0) such that: H(z) = H(Te;2z) —

H(Te;0) = K ((n,2)nerz). Since in addition we have H(0)=0and ¢ =d 1€ con*(I})\ {0}, it
follows from lemma 3 that eo(¢p, L) = 1. Thus, we conclude from this and (46) that

ords—c Z2(s) < po — 1.

Combining this with (45), (44), and (31) implies that

2(f; Pis) = TS O Aolleiwib) (( 1

p —— as s — |c|.
(s —le)™ s — [e|)™

This completes the proof of theorem 3, once one has also noted that Ag(IZ;u*;b) = Ag(7e, P) where
Ao(Te, P) is the mixed volume constant associated to P and 7 as in §2.3.3.

5 Proofs of Theorem 1 and 2

5.1 A Lemma from convex analysis and its proof

Using the definitions introduced in §2.2, T will first give a lemma from convex analysis.
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Lemma 5. Let I be a nonempty subset of R} \ {0}. Set E(I) to be its Newton polyhedron and
denotes by E°(I) its dual (see §2.2). Let F be a face of E(I) that is not contained in a coordinate
hyperplane and ¢ € poly(F') a normalized polar vector of F. Then: F meets the diagonal if and only
if |c| = «(I) where o(I) = min{|a|; o € E°(1) NRY }.

Proof of Lemma 5

We first note that the definition of the normalized polar vector implies that ¢ € £(I)° N R%.

e Assume first that the diagonal A meets the face F' of the Newton Polyhedron £(I). Therefore,
there exists tg > 0 such that AN F = {tx1}. Let a',...,a” € INF and let J a subset (possibly
empty) of {1,...,n} such that F = convexr hull{a?,...,a"} + con{e; | i € J}. Thus there exist
Aty A € Ry verifying Ay + -+ + A\ = 1 and a finite family (u;);cs of elements of Ry such that:

tol = Z)\ o' + Zu]ej (48)

jeJ
But c is orthogonal to the vectors e; (j € J) and {(c, ") =1foralli=1,...,7. Thus it follows
from the relation (48) that tolc| = (c,tol) = D2i_; Mi{a’,c) + X, pilej,e) = i A = L.
Consequently |c| = #5*.

Relation (48) implies also that for all b € £(1)° N R’}

Ib| =t5! (b, tol) = t;" ZA (@', b) + by >t Z)\ (o b) >t Z)\ =5 = |c|.
JjeJ

This implies |c| = ¢(I).

e Conversely assume that |¢| = ¢«(I). We will show that ANF #£ (.

Let G be a face of £(I) which meets the diagonal A. Since G is not included in the coordinate
hyperplanes, it has a normalized polar vector a € polo(G). Moreover there exist B.....8¢cInG
and T a subset (possibly empty) of {1,...,n} such that

G = convex hull{B',..., 8"} + con{e; | i € T}.

The proof of the first part shows then that |a| = ¢(I) and that there exist v1,..., v, € Ry verifying
vi + -+ v, =1 and a finite family (J;),er of elements of Ry such that if we set to := |a| =1, then:

tol = Zmﬂl + Zéjej e GNA. (49)

i=1 jeT
Set T :={j € T'| §; # 0}. It follows from relation (49) that

k

k
el =15 {etol) =51 D vi(B'e) + Y bj(ej.c Z c) >ty Z%—tal al.

i=1 jeJ’

But |a| = +(I) = |c| so the intermediate inequalities must be equalities. This clearly forces (8%, ¢c) = 1
Vi=1,...,k and (c, eJ> =0 Vj € T'. Relation (49) implies then that:

k k
(tol,c) = Zi:l Vz<ﬁ ,c) + Z]GJ’ <erC> = Zi:1 v =1.
Since tgl € E(I), it follows from the preceding discussion that tg1 € F and therefore A N F # ().
This finishes the proof of Lemma 5.

5.2 Proof of Proposition 2

Foralle e R, set Us :={s € C" | R(s;) >eVi=1,...,n}.
e Let ¢ € poly (Fo(f)). The compactness of the face Fo(f) implies that ¢ € R3™. Moreover it
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follows from the definition of poly (Fo(f)) that V3 € S*(g) (8,¢) > 1 with equality if and only if

B € Fo(f)N5S*(9).
Set 50 = %infi:17.__,n c; > 0 and Qc = {S eCr | Vi §R(SZ) > Ci}.

Fix also N := {% + SUDxe 7y (1) |x\] + 1 e N. (Evidently, N < oo since Fo(f) is compact.)
It is easy to see that the following bound is uniform in p and s € U_5, = {s € C" | Vi R(s;) > —do}:

e P 1 v L
‘ |§ p<C+a',V> < ‘ |§ ) p5o‘u| < p5o(N+1)/2 | ; X 250|V\/2 < p50(N+1)/2 < pr
v|>N+1 v|>N+ VSN

Thus, the following is uniform in p and s € U_;,:

fp ) g(v) g(v) 1
> e - S s o)

w1 31 1<Ivl<N
_ 9(v) 9(v) 1
o Z p1+(s,u> + 1<Z<N (c,v)+(s,v) +0 ]? (50)
veFo(f)NS*(g) V—g;{‘)(—f)

Since Fo(f) NS*(g) is a finite set and (c,v) > 1 for all v € S*(g) \ Fo(f), it follows from (50) that
there exists d; €]0, 50[ and g1 > 0 such that the following is uniform in p and s € U_s,:

fp ) (v) 9(v) 1
Z (c+s u) - Z p(g(]:—o—l;u) = Z p1+<s7u) +0 <pl+gl) (51)

v|>1 |21 VEF(F)NS*(9)

The multiplicativity of f now implies that M(f;s) converges absolutely in
O :={s € C" | Vi R(s;) > ¢;} on which it can be written as follows:

=y M SIS ) - ) @

meNn veNy P veNy

We conclude that for all s € Uy = {s € C™ | Vi R(s;) > 0}:

G = I[ cat ) ™) Mificts)

veFo(f£)NS*(g)

-0 I () ) ()

P CveFo(f)NS*(9) veENy

Combining (51) with (53) now implies that there exist d; €]0,d1[ and €2 > 0 such that :
G(f:s) =11, (1 +0 ( = )) uniformly in s € U_s,. It follows that the Euler product s — G(f; s)
converges absolutely and defines a bounded holomorphic function on U_s,.

> *(g) 9(V)
1\ ZveFo(HNNS*(9)
Moreover, since G(f;0) = H (1 — ) ’ . ( Z 9w) > is a convergent infinite

(v,c)
p p veNy p

product whose general term is > 0, we conclude that G(f;0) > 0.

Moreover, for all s € Uy = {s € C" | ¥i R(s;) > 0} we have:

H(f;Te;s) = [T @™ | Mfic+s)
veFo(f)NS*(g)
= [T wsca+ws))’™ | G(f:s) (54)
veFo(f)NS*(g)

28



Thus, by using the properties of the function s — G(f;s) established above and standard properties
satisfied by the Riemann zeta function, it follows that there exists €9 > 0 such that s — H(f;7¢;s)
has a holomorphic continuation with moderate growth to {s € C" | 0; > —g¢ Vi}.

By (54) we conclude that H(f;7¢;0) = G(f;0) > 0.

Moreover, by definition, Fo(f) is the smallest face of £(f) which meets the diagonal A = R; 1 and
Fo(f) = conv (Fo(f) N S*(g)). Tt follows that 1 € con* (Fo(f) N S*(g)). This completes the proof
of the first part of Proposition 2. <

o We assume now that dim Fo(f) = rank (S*(g)) —1 . Let Iy = Fo(f) N S*(g).

Set r :=rank(Is) and fix in the sequel v, ..., v" € If such that rank{v!,...,v"} = r. Set also for
any € > 0 R(e) :=={z=(z1,...,2) € C" | |R(%)| < e Vi}.

The proof of Proposition 2 will be complete once we prove that 3¢ > 0 and a function L such that:

L is holomorphic in R(e)and H(f;Te;s) = L ((v',s),...,(",s)). (55)
Since we assume that dim Fo(f) = rank (S*(g)) — 1, it follows that

rank(Iy) = dim Fo(f) + 1 = rank (S*(g)) .

By using relations (54) and (53), it is clear that it suffices to prove that (55) holds for the
function G(f;s) (instead of H(f;7¢;s)), where

T (- ) ) (5 )

p vele VENBL

First we recall from the proof of Proposition 2 that there exists do > 0 such that the Euler
product G(f;s) converges absolutely and defines a holomorphic function on

U5, ={s€C" | R(s;) >0 Vi=1,...,n}.
We fix this 2 in the following discussion.

It follows from the equality rank{v!,..., "} = r that the linear function ¢ : C* — C", s
o(s) = ((v!,s),...,{V",s)) is onto. By a permutation of coordinates, if needed, we can
then assume that the function ¢ : C" — C", 8 = (s1,...,8,) = ¥(s') = ¢(s,0) =
> vlsiy.. . >0 vl's;) is an isomorphism. In particular there exist B',...,3" € Q" so

that Vz € C", v~ (z) = ((8',2),...,(8",2)), and
-1
Y1 (R(e0)) C R(2) for g := 6o <max |,31) > 0. (56)

1<i<r

The fact that rank(S*(g)) = rank(Iy) = rank{v',...,v"} then implies that for any v €
S*(g) there exist a1(v),...,a,(v) € Q such that v = ay(v)v! + -+ + a,(v)v". Tt follows
that for all s € U_s,, G(f;5) =W ((¢',s),...,(v",s)) where

we =TI( I (1- e "N (14 3 9(v) (57)
o pltiiciai(@)zi pwetijaiw)z )

p vele veS*(g)

So to conclude, it suffices to prove that W converges and defines a holomorphic function in
R(go). But for all s’ € 1 (R(gp)), W(s') = Wou(s') = W (p(s',0)) = G (f;(s',0)) , and
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by definition of g9 we have ¢! (R(gg)) x {0} C R(d2) x {0} C U_s,. It follows that
W := W o9 converges and defines a holomorphic function in ¥~ (R(gg)). We deduce by
composition that W converges and defines a holomorphic function in R(g¢). This completes
the proof of Proposition 2. <

5.3 Proofs of Theorem 1

By symmetry we have: Zg,(U(A);s) := Z Hp™*(M) =c¢(A) Z P{;ml’ — ‘;nmnjL)lS)/d,
MeU(A) meNn+1 1wy Mndl

where ¢(A) is the constant defined in (6), and f is the function defined by:

L f(ma,...,mpq1) = 1if m{' .. .mzq_"lﬂ =1Vi=1,...,l and ged(mq,...,mpy1) =1

2. f(mq,...,mpy1) = 0 otherwise.

It is easy to see that f is a multiplicative function and that for any prime number p and
any v € Ng“: f(p, ..., p"tt) = g(v) where g is the characteristic function of the set
T(A) defined in §3.1. So, it is obvious that f is a also uniform (see definition 3 in §3.2.3).
It now suffices to verify that the assumptions of Theorem 3 are satisfied.

By using the notations of §3.2.3, it is easy to check that

E(f) =& (T7(A)) and Fo(f) = Fo(A).
Therefore, Proposition 2 implies that the first part of Theorem 1 follows from Theorem 3.

Let us now suppose that dim (Fp(A)) = dimX(A) =n — . Since
dim (Fo(A)) = rank (Fo(A) N T*(A))—1 < rank (T*(A))—1 < dimR" ™ —rank(A)—1 = n—I,

it follows that dim (Fo(A)) = rank (T*(A)) — 1 = rank (S*(g)) — 1. Consequently, Propo-
sition 2 implies that the second part of Theorem 1 also follows from Theorem 3, once one
has also noted that Lemma 5 implies ¢(f) = ¢ (£(f)) = |c| for any normalized polar vector

C Of f()(f) = .F()(A) <>

Proof of Theorem 2:

Let A,(a) be the 1 x (n + 1) matrix A,(a) := (ai,...,an,—q). It is then clear that
Xn(a) = V(Ap(a)). Thus, Theorem 2 will follow directly from Corollary 2 once we show
that all the hypotheses of the corollary are satisfied.

Set c(a) == 3# {(c1,...,en+1) € {—1,+1}" 1 | et g0 =€}
As above, by symmetry we have for all £ > 1:

Nup(Un(a);t) = #{M € U,(a) | Hp(M) < t} = c(a) > flm,...,my)
{meNm; P(m)1/d<t})

where P is the generalized polynomial defined by P(X1, ..., X,) := P <X1, oo X, Hj X;j/q)
and f is the function defined by:

f(mi,...,my) = 1if m{* .. .md»

@ is the ¢'" power of an integer and ged(my,...,m,) = 1
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and f(mq,...,m,) = 0 otherwise.

It is easy to see that f is a multiplicative function and that for any prime number p and any
veNg: f(p*r,...,p") = g(v), where g is the characteristic function of the set L, (a)U{0}
and L, (a) := {r € Nj \ {0}; ¢|(a,v) and v ...v, = 0}. So it is clear that f is also uniform.

By definition, we have that £(f) = £(a) = £ (L (a)) . A simple check verifies that rank (S*(g)) =
rank (Ly(a)) = n. Moreover, the face Fo(a) = Fo(f) is compact. Consequently the assump-
tion dimFo(f) = rank (S*(g)) — 1 is equivalent to the assumption that Fy(a) is a facet of
E(a). As a result, Proposition 2 implies that Theorem 2 follows from Corollary 2, once one

has also noted that Lemma 5 implies ¢(f) = ¢ (E£(f)) = |c| for any normalized polar vector

c of Fy(a). ¢
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